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ABSTRACT 


This investigation attempts to develop approximate 
methods for the second-order elastic analysis of multistorey 
frames. Because a frame under gravity and lateral loads can 
be analyzed as a non-sway frame and a sway frame with the 
final force resultants obtained by superposition, non-sway 
frames, sway frames and combination of both were 
investigated separately. Based on analysis of the behavior 
of elastic non-sway frames and a critical examination of the 
problems and rationale behind the ACI design method for non- 
Sway slender columns, modifications in this method are 
suggested. Various approximate second-order analyses for 
elastic sway frames are derived and their assumptions are 
discussed in the light of the results of the behavioral 
study. The approximate analyses were compared to complete 
second-order analyses of frames to determine the range of 
application of the approximate methods. A rational method, 
which is more accurate than the current approaches, is 
proposed to combine the non-sway and sway moments in a 
column. Finally recommended procedures for the second-order 
elastic analysis of frames subjected to both gravity and 
lateral loads or gravity loads only are proposed, and 
modifications to the ACI Code design procedure for slender 


columns are suggested. 
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Roman letters, capital 


B 


cS 


moment (or shear) correction factor for sway columns 


stability function in the slope-deflection equation 
CEGpete co) 


moment gradient correction factor 
flexural stiffness of a column 
flexural stiffness of a beam 


ratio of column stiffness to beam stiffness defined 
n> Eq. 6.16 


larger value of G for a given column 

smaller value of G for a given column 

horizontal load applied at the joint 

sway force applied at the joint 

rotational restraint stiffness at the end of a column 
column length 

beam length 

moment in a column 

external moment applied at the joint 


sum of the overturning moments of the horizontal 
loads about the base of a structure 


axial force in a column (positive for compression) 
2 2 

Euler load defined by « EI/L 

free-to-sway critical load of an elastic column 

non-sway critical load of an elastic column 


stability function in the slope-deflection equation 
CRG i. 3) 


shear at the end of a column 
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Roman letters, lower case 


a 


1G 


18 


Sway deflection of the upper end of a column (or a 
storey) relative to the lower end 


vertical displacement of the upper end of a column 
relative to the lower end due to flexural shortening 
of the column 


vertical displacement of a rigid column due to the 
rigid body rotation of the column length 


sway deflection magnifier defined by a/ag 
symbol in formulation of approximate equations for B. 


effective length factor of an elastic free-to-sway 
column 


effective length factor of an elastic non-sway column 
modified effective length factor used in the 
effective length method for non-sway columns to give 
exact solutions 

total number of storeys 


ratio of end-moments, -M,/M5 


ratio of first-order end-moments, -Mo1/Mo2 


Greek letters 


axial load index, N/N, 
axial load index, N/N¢, 


axial load index, N/N,, 


moment magnification factor, M,.,/M2 


§& corresponding to r = 1.0 


moment magnification factor for a restrained non-sway 
column, Mnax/Mo2 


horizontal displacement of a floor from the original 
position 


flexibility factor 
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y average flexibility factor 

) end-rotation ofL,a, column (except in Fig. 6©.300r 6.6) 

r feadStactor 

Le critical “load sfactor 

& ratio of column stiffness to beam stiffness defined 
an Fig. 5.3(d) 

Subscripts 

Py indicate ends of a column 

max maximum moment 

ns non-sway column 

0 first-order effects (for N = 0) 

s sway column 

= total 

WwW wall 
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1. INTRODUCTION 


1.1 Background 

Two major difficulties in the analysis and design of 

slender reinforced concrete frames result from: 
- the ‘material non-linearity' caused by the inelastic 
properties of materials, and 
- the ‘geometric non-linearity' caused by the effects of 
displacement on the equilibrium of individual members 
and of the whole structure. 
A structural analysis which includes these non-linearities 
is referred to as second-order inelastic analysis. A 
second-order elastic analysis, which includes the geometric 
non-linearity only, assumes elastic response of the 
structure. The simplest type of structural analysis is a 
first-order elastic analysis, which neglects both non- 
linearities. 

The first-order elastic analysis is the most widely 
used technique in current design practice. As a result, the 
current. design.approaches for slender concrete columns are 
based on approximate methods to include the effects of the 
two non-linearities by modifying the first-order elastic 
analysis (MacGregor et al., 1970). This is because the 
modified first-order elastic analysis is currently much 
simpler and less time-consuming than the other two analyses, 
especially in a design situation where iteration, and trial 


and error are usually involved. A significant advantage of 
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the approximate methods is that the significant parameters 
affecting the end results are normally apparent during the 
calculations, allowing the designer more control over the 
final selection of dimensions and the final distribution of 
forces in the structure. This is seldom the case with 
complex analysis techniques. 

In deriving the final approximate method, two distinct 
steps are generally involved, as shown in PQs lads WL Seep 
1, the stiffness parameter EI of individual members is 
considered. The EI values used in the second-order elastic 
analysis are selected in such a way that the results 
obtained are close to those from the second-order inelastic 
analysis corresponding to a defined limit state of ultimate 
strength. This modified EI of a particular member should be 
regarded as the effective EI for the entire length of that 
member, accounting for all the inelastic effects. This has 
been discussed by MacGregor (1972). In step 2, the first- 
order elastic analysis is modified to obtain results close 
to those from the second-order elastic analysis. Note that 
the effective EI values selected in step 1 are used in both 
analyses in step 2. As apparent from the above procedure, 
the effects of the two non-linearities are approximated 
independently of each other. 

In step 1, it has been tacitly assumed that the 
inelastic structure behaves in a way that can be represented 
by the elastic behavior modified with the effective EI. In 


fact, this is the basic assumption in the present American 
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analysis or 
results by 
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methods 
to account for 
geometric 
effects 


Fig. 1.1 Procedure of approximation 


Ae 


sstiouien 


| an rie 


Concrete Institute Code (1977), which allows the use of 
elastic theory in analysis. The ultimate strength limit 
state, implicit in the ACI Code, is defined by the reaching 
of the first plastic hinge or the simultaneous occurrence of 
plastic hinges in several critical sections. It is 
generally believed that the elastic analysis is still 
reasonablewat)| thisplimitestater (or istrdctilys speaking; 
immediately prior to the occurrence of this limit state). 

Several investigators (Kordina, 1972; Hage, 1974; 
MacGregor, Oelhafen and Hage, 1975) have suggested simple 
expressions for the effective EI of concrete beams and 
columns. Wood and Shaw (1979) have suggested a more 
complicated approximate method to determine the effective EI 
for a restrained concrete column bent in symmetrical single- 
curvature. The results from their method were shown in 
excellent agreement with ‘exact' analytical solutions. 

The modification of the first-order analysis in step 2 
(Fig. 1.1) is the primary objective of the present study. 
Here a number of approximate methods are available to 
account for the effects of the geometric non-linearity (or 
geometric effects), notably the traditional effective length 
factor approach in the current ACI Code (1977) procedure for 
designing slender columns. As a part of this investigation, 
the ACI Code approach and other current approaches are 


critically reviewed. 
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1.2 Objectives and scope 

The present investigation is concerned with step 2 in 
Fig. 1.1, and thereby only elastic frames are considered. 
The objectives of this study are: 

- to-analyze the geometric effects on the behavior of 
the elastic single and multi-storey frames, 

- to develop approximate methods for the second-order 
analysis of elastic multi-storey frames. 

The present study is limited to plane frames and static 
loads. Unless stated otherwise, the type of structures to 
be considered is as follows: The structure can include 
bracing elements which may be shear walls or inclined 
bracing elements such as diagonal braces. In general, no 
distinction will be made between a column and a shear wall 
unless stated otherwise. Inclined bracing elements are 
assumed to be pin-ended. A joint can be either rigid or 
pinned. All individual members must be prismatic. 

Two types of loadings are considered - gravity loads 
and horizontal loads. The horizontal loads are assumed to 


be concentrated loads applied at the joints. 


1.3 Outline 

The theories and basic assumptions used to study the 
geometric effects in columns and frames are reviewed in 
Chapter 2. It will be shown in this chapter that a general 
frame can be decomposed into a non-sway frame subjected to 


external moments at the joints and column axial forces, plus 
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a sway frame subjected to lateral loads and column axial 
forces. The non-sway frame is studied in Chapters 3 and 4, 
and the sway frame is studied in Chapters 5, 6 and 7. The 
combination of the load effects from the non-sway and sway 
frames is studied in Chapter 8, which also concludes the 


investigation. The whole study is summarized in Chapter 9. 
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2. BASIC THEORIES AND ASSUMPTIONS FOR ELASTIC FRAMES 


2.1 Introduction 

The basic theories and assumptions used to study 
geometric effects in columns and frames are reviewed in this 
chapter. The standard assumptions and the basic equations 
for the elastic analysis of individual members and of a 
frame are presented in Sect. 2.2, which also includes the 
discussion of the principle of superposition. The ‘exact' 
second-order elastic analysis is described in Sect. 2.3. In 
addition to the standard assumptions mentioned in Sec. 2.3, 
it will be assumed that the effect of axial forces in the 
beams can be neglected in the analysis. This is discussed 
ne Seet (e2%4¢ 

In the analysis of elastic frames, the terms ‘elastic 
critical load' (or buckling load) and ‘elastic failure load' 
are frequently encountered. Their relationship is discussed 
in Sect. 2.5. The theorem developed in Sect. 2.5 will serve 
as a basis for subsequent investigation on the behaviour of 
elastic frames. In Sect. 2.6, it will be shown that a frame 
under gravity and lateral loads can be analyzed as a non- 
sway frame and a sway frame with the final force resultants 
obtained by superposition. The study on elastic frames in 


subsequent chapters are based on this principle. 
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2.2 Basic equations 

The basic equation for in-plane elastic analysis of a 
member subjected to axial loads and lateral loads is derived 
from an infinitesimal element as shown in Fig. 2.1. By 
taking the equilibrium of moments and forces, and using 


Eq. 2.1, Eq. 2.2 can be obtained (Timoshenko & Gere, 1961). 


M = - EIy" 3 (251) 


(Ely). ee Ny" — q (2783) 


All the symbols have been defined in Fig. 2.1. The second 
term in Eq. 2.2 gives the effect of geometry on the moments 
and deflections. It is referred to as the geometric non- 
linearity. The application of the above equations in an 
analysis is often called a second-order analysis. A first- 
order equation would result if the contribution of the axial 
force N in the moment equilibrium, i.e., the geometric 
effect, were neglected (Fig. 2.1). 

Several assumptions are required to derive Eqs. 2.1 and 
222u(Chen, &#Atsuta,, 1976): 

1<° Material is linearly elastic. 

2. Shear deformations are neglected. 

3. Effects of Poisson's ratio are neglected. 


4. Deformations are assumed to be small. 
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Fig. 2.1 Equilibrium of an element 
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Assumption 1 is the basic condition. Assumptions 2 and 
3 are valid for elements with lateral dimensions that are 
small compared to their length. As to assumption 4, 
apparent conflicts occur when the elastic critical load or 
elastic failure load of a structure is reached. The terms 
elastic critical load and elastic failure load refer to the 
values from the small-deflection analysis. Based on the 
small-deflection theory, the deflection of a straight column 
is indeterminate at the critical load. For an initially 
bent column the deflections become infinite when the elastic 
failure is reached. To examine this problem, a more exact 
analysis that takes into account the effects of large 
deflections is compared in Fig. 2.2 (from Chen & Atsuta, 
1976), to the analysis baséd* on Fae 2.2. —In this figure, the 
mid-height deflections of a pin-ended column with different 
magnitudes of initial imperfection are compared. 

For an initially straight column, it is seen from the 
figure that the deflection is determinate in the large 
deflection analysis. When the load is only slightly in 
excess of the critical load, the deflections become 
extremely large, though the bent configuration is in stable 
equilibrium. For initially bent columns, it is apparent and 
shown from the figure that the small-deflection theory 
breaks down when the deflections are no longer small. 
Nevertheless, similar to the case of the initially straight 
column, the deflections at the elastic failure load are very 


large, although the column can remain stable for loads 
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0.5 Large deflection analysis 


———-— Small deflection analysis 
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Fig. 2.2 Load-deflection relationship 
(from Chen & Atsuta, 1976) 


ey 


€ 


"” 


|< 


4 
p 
| 
Is, 
a » 

f, 
— t 
Yu 
,; 
ih 


12 


higher than the failure load. The above observations 
suggest that the elastic critical load or elastic Ae Gees 
load serves as a good indicator of the load at which the 
structure undergoes very large deformations. In the 
following study on elastic columns, it is assumed that the 
deformations are small up to loads slightly less than the 
elastic failure load. Although the small-deflection 
analysis fails to predict the magnitudes of loading effects 
inehne Vicinity of the: failure load; it is believed: that the 
trends of behavior can be reasonably predicted and the 
failure load serves as a practical upper limit of the 
loading. In other words, the study of elastic columns will 
not be extended to the post-failure region. 

When Eq. 2.2 is solved with appropriate end conditions, 
the slope deflection equation relating the end moments and 
deformations (Fig. 2.3) for a prismatic member can be 


derived (Bleich, 1952): 


M, = = [clo, - e) + S(8, - 0)] (2.3) 
The terms C and S are functions of N/N, and referred to as 
stability functions. The term N, is defined as rete In 
a first-order analysis, the values of C and S are taken as 4 
and 2, respectively, corresponding to N = 0. 

The physical significance of the C and S functions can 
be shown using a member with a hinged end and a fixed end 


(Fig. 2.4). ‘The term CeEI/L represents the rotational 
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Fig. 2.3 Symbols and sign convention for 
the slope-deflection equation 
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Fig. 2.4 Stability Functions 
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stiffness for moment applied at the hinged end and S/C is 
the carry-over factor. These terms are plotted in Fig. 
2.4. The figure shows that the stiffness at the hinged end 
of the member decreases with increase in compression and 
becomes zero at elastic failure, followed by an increase in 
negative stiffness. The negative stiffness implies that the 
end moment acts in the opposite direction to the end 
rotation. Such moment is often called:-restraining moment. 
For this to happen, the column has to be connected at its 
ends to other members capable of supplying the restraint. 
The carry-over factor S/C, however, increases with 
increasing compressive load and becomes infinite at 
failure. With increasing tensile load, the member stiffness 
is strengthened and the carry-over factor is reduced. 

Table 2.1 shows the load-deflection equations for 
several loading cases which were developed by solving 
EA ewiztel #OG 22 ae: se boundary conditions. All 
three equations indicate the linearity of the relationship 
between applied forces and deformation for a given location 
and a constant axial force N. This justifies the 
application of the principle of superposition to a sequence 
of operations provided the axial forces in the members are 
held constant in each operation. Therefore, a more general 
slope deflection equation which includes the effects of 


lateral loads acting between the ends is possible: 
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Table 2.1 Load-deflection equations (from Timoshenko & Gere, 1961) 


1 X 
y =a, [-M, + (M, + M,)— + M, cos B 
p 


+ (M, cos B - M,) ) sin B—* / sin 


Bx 


+ sin 5 sin % (B- B-) 


Ox << L-C 


Note: B = 1 _N where Ne = nel 
i Ne L? 


Equations for axial tensions require changes from trigonometric 
to hyperbolic functions and occasional sign changes 


Table 2.2 Fixed end moments (from Horne & Merchant 1965) 
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where M)>¢ is the fixed-end moment. The equations for two 
common loadings are shown in Table 2.2. The fixed-end 
moment increases with an increase in compression and 
theoretically becomes infinite at N = 4N,- With an increase 


in tension, the fixed-end moment decreases gradually. 


2.3 Exact second-order elastic analysis 

In this study, the second-order elastic frame analysis 
is based primarily on the slope-deflection equation (Eq. 
2.4). The solution is obtained by considering force 
equilibrium and geometric compatibility at the joints. 
Furthermore, the shear equilibrium equations are formulated 
in the deformed configuration of the frame. The geometric 
effects due to the axial forces in the beams are neglected 
in the analysis. This will be shown to be a reasonable 
assumption in Sect. 2.4. 

The load effects resulting from the above analysis are 
considered as exact solutions. The ‘first-order’ load 
effects are those from a first-order elastic analysis where 
C = 4 and S = 2 are used in the slope-deflection equation 
and where the formulation of shear equilibrium equations is 
based on the undeformed configuration of the frame. The 
term 'first-order' will always accompany the first-order 
load «effects; and the symbol for “any of ‘these load “effects 


will have a subscript O (implying N = 0). 
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When large multistorey frames are analyzed, a finite- 
element program will be used. The element stiffness matrix 
for a second-order elastic analysis can be derived using the 
slope-deflection equation (Eq. 2.3) and following the same 
standard procedure for a first-order element stiffness 
matrix except that the shear equilibrium is formulated in a 
deformed configuration. The matrix developed in this way is 
shown in Fig. 2.5. When the element axial force N is set 
equal to Zero (ij.e., C= 4,.S = 2 also), it can be seen that 
the stiffness matrix becomes a first-order stiffness matrix. 

A second approach to determine the stiffness matrix is 
to make use of the virtual work principle and to assume a 
third-degree polynomial for the deflection. (Note that the 
third-degree polynomial is only exact for the first-order 
deflection.) The matrix so obtained is composed of a first- 
order element stiffness matrix [Kp] and a geometric element 
stiffness matrix [K,] which is a function of the element 
axial load N, as shown in Fig. 2.6. When the axial load 
equals zero, the geometric matrix vanishes. The stiffness 
matrix from the latter approach (Fig. 2.6) is derived in 
Appendix A. 

Although the first approach is ‘'exact', the second 
approach is used in this study for easier programming. 

Using simple elastic structures, Aas-Jakobsen (1973) has 
tested the second approach. It was found that the solutions 
are converged to very accurate results when a member is 
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Fig. 2.5 Element stiffness matrix for a second order elastic analysis 
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Fig. 2.6 Element stiffness matrix for a second order elastic analysis 
(virtual work approach) 
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member is divided into four elements for analysis, which 
should guarantee sufficiently accurate results. For 
simplicity, the results from such analysis are also referred 
to as 'exact' values. The finite-element program for the 
second-order elastic analysis was obtained by modifying a 
first-order elastic analysis program for plane frames 
developed by EL-Zanaty and Murray (1980). 

After obtaining the end-moments and axial forces from 
the exact second-order frame analysis, the method of 
determining the maximum moment in any member can be derived 
as follows: Solving Eq. 2.2 with a given set of end moments 
and end displacements and applying Eq. 2.1 gives an equation 
for the bending moment M at any point x along the column. 
The maximum moment sane determined by setting dM/dx = 0, 


Gan be written inthe form of (Galambos, 1968): 
M = § Mo (2 557) 
and 


—_ det ie (2.6) 
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where x is the location of M,, and defined by 
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The term 6 is the magnification factor by which the 
numerically larger end moment Mj is modified to obtain the 


maximum moment. The symbols r and 8 are defined by: 


For N < Ng, it can be shown (Galambos, 1968) from Eq. 


2.7 and some trigonometric manipulation that 


2 
~ + - 
ones 1 ro 250y.COS (2.8) 
Sin 8B 
Since x may not be negative, the limit occurs when r = cos 8 
as shown in Eq. 2.7. In other words, 
6s =i Dx0 for rix?cos ie (2.9) 


and Eq. 2.8 is used when r > cos 86. 

For N > N, it is possible to have more than one root in 
Eq. 2.6. Nevertheless, if > <a x < nm is assumed, Eq. 2.8 
will result. This has been shown graphically by Wood 
(1953). This assumption can be shown to be valid for 


N < 4 Ng by a cumbersome calculation which computes all 


possible roots and determines the maximum one within the 
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region 0°< x < L. Note that the limit given by Eq. 2.9 is 


not required for N > Ne: 


2.4 Effects of axial forces in the beams 

In this study, the geometric non-linearities resulting 
from the axial forces in the beams are neglected in the 
analysis of elastic frames. The axial force in a beam is a 
function of the lateral and gravity loads. It is 
arbitrarily assumed that the lateral loads are not large 
enough to produce any significant axial forces in the 
beams. For the gravity loads, which not only produce axial 
forces in the columns but may also induce axial forces in 
the beams due to the gravity load moments, the problem is 
more complicated. (The first-order gravity load moments 
will be referred to as primary bending moments.) An attempt 
will be made to examine this problem by investigating the 
behavior of the simple elastic non-sway frame shown in Fig. 
2.7(a) under several conditions. A similar problem has been 
discussed by Masur et al. (1956), Lu (1961), Horne and 
Merchant (1965), and McGuire (1968). 

The non-sway portal frame in Fig. 2.7(a) is assumed to 
carry simultaneously a uniform distributed load w and 
concentrated loads P applied at the top of the columns. The 
concentrated load is related to the distributed load by a 
proportional constant n defined in the figure. The 
parameter n attempts to simulate the number of storeys above 


the frame. With increasing values of n, the primary bending 
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Fig. 2.7 Effects of axial forces in the beam 
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moments become less dominant. Note that the column axial 
fOrCceaNeistalsorrélated ttotwt(Figir2:7(a)i). 

Because the frame is a symmetrical structure with 
symmetrical loading, the framed column can be simplified to 
a single restrained column, also shown in Fig. 2.7(a). The 
elastic spring stiffness K and the externally applied moment 
M;, which is equal to the fixed-end moment due to the 
distributed load, become non-linear functions of the axial 
force in the beam, which in turn is equal to the horizontal 
base reaction H. 

Based on the single restrained column, the solution can 
be formulated using the slope-deflection equation (Eq. 2.3) 
and fixed-end moments (Table 2.2), considering force 
equilibrium and rotation compatibility at the joint. The 
solution obtained by iteration leads to the relationship 
between the column axial load N and the horizontal base 
reaction H or the end moment M, described in Fig. 2.7(b) for 
a low wide frame with a span 2.5 times the column height. 
The results are given for different values of n. 

fneFigquse2s7(bigitheicurve fornmn =hOrindiceatéesethat the 
column axial force N reaches a peak value and then decreases 
as the axial force in the beam increases. In this case, the 
maximum load (0.328 N,) is considerably less than the 
failure load (1.144 N,) predicted by neglecting the axial 
force in the beam. Such a small maximum load is attributed 
to the rapid decrease of the beam stiffness caused by the 


significant compression of the beam due to the horizontal 
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reactions. The figure also shows that the column end-moment 
increases more rapidly than the first-order moment. This 
suggests that the column is in fact restraining the beam. 

Fig. 2.7(c) presents the load-deformation relationship 
for the same frame and same loading condition (n = 0). The 
very large joint rotation at the maximum load implies an 
inconsistency with the small-deflection assumption in the 
analysis. Although this should not affect the trend of the 
behavior, a practical consideration is that the large 
deformation produced by the dominant bending moments would 
bring about a material failure long before the geometric 
effects become important. 

A higher maximum load is obtained for n = 1 (Fig. 
2.7(b)), since the primary bending moments become less 
Significant: .For in ="2),y;the end-moment M5 initially 
increases slightly more than the first-order value but later 
drops rapidly due to a more rapid decrease in column 
stiffness than beam stiffness.» It becomes zerov» at’ N = N,. 
With further increase in N, the end moment changes direction 
and thus causes tension in the beam, thereby stiffening it. 
At the failure load, the end moment theoretically approaches 
infinity, and thus induces an infinitely large tension in 
the beam and hence an infinitely stiff beam. The failure 
load so obtained would be the same as that of a column with 
a fixed support at the upper end. This, however, is 
incorrect because the large-deflection analysis (Fig. 2629 


indicates that the internal forces (or deformations) never 
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approach infinity. It appears more reasonable to assume 
that the failure load is equal to that predicted by 
neglecting the beam axial force. Figure 2.7(b) also shows 
that when the beam axial force is neglected in the analysis 
for n = 2, the end-moment is underestimated before the 
moment changes direction. Better agreement is expected for 
higher values of n. 

The results of an analysis of a frame with shorter span 
(Lp = 1.5 L) and n = O are shown in Fig. 2.7(d). Here the 
effect of the axial force in the beam is smaller since the 
beam is stiffer. The exact curve compares reasonably well 
with the one which ignores the axial force in the beam. 

In conclusion, the above observations suggest that the 
geometric effects due to the axial forces in the beams can 
be neglected in the analysis except for very low wide frames 
with dominant primary bending moments. In such frames, the 
large deflections induced by the bending moments, however, 
would bring about a material failure long before the 
geometric effects become significant. Hence, the 


exceptional case should pose no practical problems. 


2.5 Elastic critical load and failure load 

The 'elastic critical load' is the load at which an 
elastic frame with initially straight members buckles (i.e., 
bifurcation of equilibrium). Such a frame must only carry 
concentrated loads at the joints in such a manner that the 


only internal forces acting, before buckling occurs, are 
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axial loads in the members. For a normal structure with 
deformations from the outset, the ‘elastic failure load' is 
attained when the structure undergoes indefinitely large 
deformations. In this section, the relationship between the 
elastic failure load and the elastic critical load is 
examined. 

Figure 2.8(a) illustrates a frame that may be subjected 
to any loading. The first-order deflection yo at any point 
of the frame can be expressed as an infinite series of the 


form: 
Yee Coy YR (2.10) 


where Y; is the elastic critical deflection mode i 
corresponding to critical load factor hoa? The coefficient 
eo 2s fhermagnitude ofvcritical mode i The critical joad 
factors are obtained from the modified state of loading of 
the frame in which the only internal forces acting are the 
member axial forces, as shown in Fig. 2.8(b). The axial 
forces are related by a load factor A such that when id = l, 
the axial loads in the members are equal to those in the 
original frame. The load factor is increased to ver for 
buckling of the frame in critical mode i. Based on the 
orthogonality relationship of the critical modes, developed 
by Horne (1962), and the principle of minimum potential 
energy, it is found that the total deflection y of the frame 


under the action of both vertical and lateral loads 
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Fig. 2.8 A Frame subjected to any loading 


29 


- 5 Uy out } o i 
i : > ie 
: ’ 7 n —_ > 
_ ; . 
; i f F 
i - 7 ‘ 
- he - I 
i rr 7 
} 
| 
| 
Pt 
| 
¢ 


Pty 
ji ma art as in ae 
| oe 
. Mh 
i r] 
| | Ny 
| | Ye 
| | \, 
\, 
| ) ic 
: ' i 


io} onibanl senatauity: (ed) 
Wwe. us) Ba ab 


aha 


enibAo! yne. of botsaidite orn A ge 


30 


(Fig. 2.8(a)) is equal to: 


Oi = 
ree yp Wy 2911) 


we 
The axial deformations of members are neglected in the 
derivation of the above equation. The complete derivation 
is shown in Appendix B. 

Equation 2.11 indicates that the elastic failure load 


of a frame is defined by the corresponding lowest critical 


Road. Xx +: 
Cc 


i which makes y equal to infinity. Furthermore, the 


elastic failure mode is equal to the lowest critical mode 
since the first term in Eq. 2.11 will predominate. 

To explain more specifically for a single column, 
regardless of the type of loading imposed on the structure, 
the elastic failure load is equal to the lowest critical 
load of the column. The failure mode will reach the lowest 
critical mode, regardless of the initial deformation 
produced by the first-order load effects. 

For a multi-column frame, the critical load factors in 
Eopav2 slave soisbecome: aiifinction, (of ithe iratitonwofirthe taxiatk 
loads in the members (Fig. 2.8(b)). In other words, the 
elastic failure load is equal to the lowest critical load 
that corresponds to the ratio of the axial forces in the 
members at the elastic failure of the frame. Suppose that 
the beam axial forces are neglected and the ratio of the 
column axial thrusts is held constant as the column axial 


loads increase; the critical load for a given frame and a 


st wadeNaty aut,” oye tabtnt oF Cage ye. wuss 


_ —fsker yuusloo arid as dnex atop ‘Blot =“ 


ort ak Pedosiogn’ sus. caadmet: 36° nseteeeden 
at ssvi 24b srskgiion ent obgeure avddts one tort 
a" vit tibeoaané at 


bebt srutist oisncie ent sens ype If.% coe 


iant7L49 tpeaWwol eALsdoges £192 sits! yor, bint 


obhon Leoltits caawot sit of Iso ae belinsanid onwiaat & 

‘Kgs indbore) Eiiw Bays pe Ne ee | ae es 

-amulos sitive: «sot SU lsostoee aren —eee nie 
eee 


SSS 22a) Shs) 0 hsegats pd bsol 14! «aes ao ba 
leshaias deawol stay otps et fist sipeten's 
swowor ete resem (itv, abo, Meee fs ‘say nea ott 
not tao2se pert 6i33>o aay ibiaged 

“BF Fie een Grd! asbAQ-teske, One yet 

at exodos?, beol Tapka te. dus yang mites da igne a4 
abies ant to ob ae3: ert +0 sempre 6 si Oais) SES 
sts ,abicw teria nt. 24 (a aveey est) e sesenee eid 
~b60i Csorzito fgubl af + of 1 LaAdpa as ‘Baek woutia® 
aig nL een707 ah ‘Sree. oljez ste ot 

7 . . ry: 

reit secuque -. 218%? af? to salts? cesenie, 


sro 46 oljex eri2 one hetoeipan “a 


a 
a 


bes pike aovkg a “aot £ iss ten, Hi ales 
ns oe eye 


31 


given ratio of the column axial loads is a constant 
quantity. In this way, the above conclusion for a single 
column also applies to a multi-column frame, that is, the 
elastic failure load and the failure mode of the frame are 
the same as the lowest critical load and the lowest critical 
mode, respectively, regardless of the initial condition of 
loading and deformation. 

In the following chapters, the elastic failure load of 
a single column will be referred to as the elastic critical 
load (the lowest one is implied) since it is understood that 
they are equal. For a frame with a given ratio of column 
axial loads, the term elastic critical load will also be 


used in place of the term elastic failure load. 


2.6 Non-sway and sway frames 

Any frame sustaining gravity loads and lateral loads 
can be decomposed into a non-sway frame which carries the 
gravity loads only, and a sway frame which resists the 
original lateral loads plus the holding forces from the non- 
sway frame, as shown in Fig. 2.9(a). Furthermore, the non- 
sway frame can be decomposed into a non-sway frame with 
supports which are fixed against rotation at the joints, and 
a non-sway frame with external joint moments equal to the 
unbalanced fixed-end moments due to the gravity loads. This 
is illustrated in Fig. 2.9(b). According to the principle 
of superposition (Sect. 2.2), the axial forces N in the 


members of the sway and non-sway frames must be equal to 
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those of the original frame as indicated in the figure. 
Consequently, the holding force becomes a non-linear 
function of the axial loads in the members, in addition to 
being a linear function of the gravity loads. Similarly, 
the external joint moment in the non-sway frame is a non- 
linear function of the corresponding axial forces in the 
beams. The total load effects for the columns are equal to 
the sum of those from the non-sway frame with external joint 
moments and those from the sway frame. These two types of 
frames are those to be investigated in following chapters. 
For simplicity, the non-sway frame subjected to external 
joint moments is termed the non-sway frame. 

The geometric effects due to axial forces in the beams 
are neglected in this study. This assumption also implies 
that the external moments in the non-sway frame become 
independent of the geometric effects. Note that this 
assumption has been discussed in Sect. 2.4. 

It should be noted that the concentrated vertical loads 
at the joints of the sway frame indicated in Fig. 2.9 are 
only diagrammatic indications that the column axial loads N 
should be considered in the analysis for the geometric non- 
linearity, but N should not be used for calculating the 
axial “deformations of the columns. If the effects of 
deformation are included in the analysis, such as for the 
compatibility relationship, the axial deformations should be 
calculated based on the column axial loads arising from the 


shear forces in the beams, similar to a first-order analysis 
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of*aeframe that only carries lateral loads. Similarly, in 
the non-sway frame with the external moments, the 
concentrated vertical loads are fictitious too. It is 
apparent from Fig. 2.9 that the actual vertical loads are 
placed on the non-sway frame with the supports fixed against 
rotation at the joints. The fixed-end moments could include 
the effect of the axial deformations due to the actual 
vertical loads. 

In the following chapters, the effects of the axial 
deformation in columns and beams are neglected in the 
analysis of elastic non-sway and sway frames. This is 
considered a valia assumption for two reasons. First, the 
load effects are non-dimensionalized by dividing by the 
first-order load effects, and therefore the errors of 
neglecting the axial deformations in both load effects are 
offsetting. Second, the axial deformations produced by the 
"actual' column axial loads arising from the beam shear 
forces resulting from the geometric effects are relatively 
insignificant. 

The next five chapters discuss the geometric behavior 
and approximate second-order analysis of non-sway and sway 
frames. In these chapters, the load effects will be non- 
dimensionalized by dividing by the corresponding first-order 
load effects (as mentioned before), so that the results are 
independent of the magnitudes of the external moments in the 


non-sway frame, or the lateral loads (including the holding 
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forces) in the sway frame. The combination of the non-sway 


and sway load effects will be discussed in Chapter 8. 
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3. BEHAVIOR OF ELASTIC NON-SWAY FRAMES 


3.1 Geometric effects 

In a non-sway elastic frame, the deformations along the 
length of a column, which are caused by the primary bending 
moments, introduce secondary bending moments contributed by 
the axial load. The secondary bending moments readjust the 
deflections and redistribute the end-moments at a joint. 
The redistribution of end-moments also affects the column 
deformations. The new deformations, in turn, bring about 
new secondary bending moments, and possibly a change in the 
axial load. This process continues until equilibrium is 
achieved. Instability occurs when equilibrium is not 
attainable (small-deflection theory). It can be seen that 
the whole process is complicated by the redistribution of 
internal end-moments, which is reflected by the stability 
functions, C and S, in the slope-deflection equation (Eq. 
Zo) 

An attempt will be made in this chapter to examine the 
above problem by investigating the behavior of simple 


elastic structures. 


3.2 Pin-ended columns 

Figure 3.1 shows a pin-ended column subjected to 
constant end-moments M,; and Mj, where Mz is the numerically 
larger end-moment. The total bending moment in the column 


is the sum of the first order moment, Mg, and the secondary 
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moment which is equal to the product of the axial 
compression and the deflection. Since the moment in the 
column is magnified by the secondary moment, the 
deformations increase at a faster rate than the load and 
hence become .a_ non-linear function ofthe axial.force N 
(Fig. 2.2). The same is true of all the other functions of 
Nz: end-rotations, bending moments and shears. 

According to the theorem in*Sect.42.5) the failure load 
of an elastic pin-ended column is equal to its critical 
HOad;  1-e., the Huler Joad Nj, and, regardless of the initial 
deformations, the failure mode is the critical mode of 
symmetrical single-curvature. The process of the change 
from initial mode to the critical mode is shown in Figs. 3.2 
and 3.3 for different ratios of end-moments, r (= - Mj/Mo). 
The ratio r may vary from +l (symmetrical single-curvature) 
to -l (antisymmetrical double-curvature). It should be noted 
for the special case of r = -l, the anti-symmetrical end- 
moments force the column to bend into two identical half 
waves for which the elastic critical load is 4*N,. From Eq. 
2.11 in Sect. 2.5, it can be seen that a minute imperfection 
of the antisymmetry (i.e., Co) # 0.0) will cause failure at 


N representing a bifurcation of equilibrium. This is 


e! 

illustrated by the curve for r= -0.99 in Fig. 3.2. 
Figure 3.2 shows the change in end rotations of a 

hinged column as the axial load approaches the critical 


load, No- Based on Fig. 3)-2, the deflected shapes under 


increasing compression are shown schematically in Fig. 3.3. 
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The left-hand parts of Figs. 3.3(a), (b) and (c) represent 
the deflections, the right-hand parts the moment diagrams. 
It should be noticed that for any values of r, the end 
rotation 95, always increases in the same direction as Mo- 

Horwil tier: 270; (Big dius). 3i(cay)s)sj 8, and 6, both increase in 
the same direction as the end moments. For 0 > r > -0.5 
(Fig. 3.3(b)), the member deflects to one side of the line 
joining the two ends although there is an inflection point 
in the column. As the compression increases, 64 increases 
SMe ties direction Opposite) to M,; and the inflection point 
shifts towards the nearest end. When the critical load is 
reached, the deformations are so large that the inflection 
point is in effect at the end. As a result, the column 
fails in single curvature. 

Pome.) shsercsr dtl MiFigiw 323") ) Mtherecolunmn is 
initially bent into reversed curvature. As the compression 
increases, 01 decreases (except for r close to -l 
where oa initially increases very slightly but later drops 
rapidly) until it reverses direction and increases in the 
direction opposite to M,. The inflection point moves 
towards the nearest end, and finally the deflection changes 
to single curvature at failure. The change of reversed 
curvature to single curvature is often referred to as 
unwinding (Ketter, 1961). For r close to -l, unwinding 
occurs quite suddenly. 

When the column is being compressed, the maximum moment 


in the column may also shift away from the end (Fig. 3.3). 
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For r = 1, the maximum moment is always located at mid- 
span. For other values of r, the maximum moment starts to 
differ from My at a particular load level, as shown by the 
maximum moment curves, Mey! Mo} in’ Fig. 3.4. The-curnves 
also show that the maximum moment increases most rapidly 
when r = 1, although all curves approach infinity at the 
eritical Joad. For sany value ofr, the: Location of ‘the 
maximum moment tends to approach mid-span as the compression 


increases. 


3.3 Single restrained columns 

Figure 3.5 shows a single restrained column subjected 
EO externally japplied joint moments M., and M,5, and axial 
compression N. The linearly elastic springs represent the 
rotational restraints at the ends. The related symbols and 
sign convention are also defined in the figure. 

Figure 3.6 describes the changes of column end-moments, 
M, and My, under increasing compression for different values 
of ro for a symmetrically restrained column with a non-sway 
effective length factor, k,,, equal to 0.75. The ratio ro 


and the effective length factor k,, are defined by: 
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Fig. 3.5 Symbols and sign convention for a 
restrained column 
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Fig. 3.6 Variation of internal end moments in symmetrically restrained 


columns under increasing compression 


TT *EI/L? 


as 


IROL 
OAc! 


— 


45 


column, and Mp5 is the numerically larger one. The term fis 
is the non-sway critical load of the restrained column. 

Note that kn, is a function of the end-restraints only, and 
therefore the value of Kyg also defines the magnitude of the 
equal end-restraints. Although ro may vary from ork, seo 
-0.99 is used as the lower limit in Fig. 3.6 to introduce 
small imperfections, as discussed previously. 

Based on Fig. 3.6, the variation of moments and 
deflections with increasing compression is schematically 
MesclLibed in Fig. ./. As ‘already stated in Sect. 2.5, the 
deflection mode of a single restrained column will 
ultimately change to its critical mode as the compressive 
force is increased. The critical mode for a column 
restrained at both ends is triple curvature, i.e., two 
inflection points occur between the ends. The process to 
attain to the final mode is described below. 

For lo? rapee0 (Fig. 3:/7la)) 7M) and M5 both idecreace 
from the beginning and then reverse direction and increase 
negatively. For O > Yo ? -0.9 (the value of -0.9 is 
approximate as it would depend on the magnitude of the end- 
restraints, but at) tsi expected to ‘be’ close to -1), My, 
increases with increasing axial load while My decreases at 
Phe outset (Fig. 39.7(b))% After a change ofirdirection; 7 M5 
Searts to increase an that. direction. For -0.2 ? to ? -1 
(Fig. 3.7(c)) both M, and My decrease gradually at the 
beginning. As the critical load is approached, M) rapidly 


increases, and Mj rapidly decreases, changes direction and 
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Fig. 3.7 Bending moments and deflected shapes of symmetrically 
restrained columns under increasing compression 
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increases in the negative direction. This drastic change 
from double curvature to triple curvature is often referred 
to as 'unwrapping' (Baker et al., 1956). The phenomenon is 
analogous to the unwinding of a pin-ended column. 

Figure 3.8 shows the effects of unequal end-restraints 
(K, # Ky). Compared to the case of equal end-restraints for 
the same ro and Kung, the end-moments at the stronger 
restraints change more rapidly under increasing compression, 
while the moments at the weaker restraints change less 
rapidly. In the extreme case of a hinged end, the end- 
moment does not change. 

The variations of end-rotations with increasing 
compression for the cases shown in Fig. 3.6 are similar to 
those for the pin-ended column shown in Fig. 3.2 except that 
the critical load should be compatible with the restrained 
column. A closer comparison of Figs. 3.2 and 3.6 reveals 
the restraining effects offered by the elastic restraints. 
As the axial load is increased, the end moments change in 
the opposite direction to the change of end rotations for 
ime ‘same rq (or rain Fig. 32)%-..Invother words, the (change 
of end-moments restrains the column deformations, as shown 
schematically in Fig. 3.7. Hence the restraining action 
results in a larger critical load for a restrained column 
than for a pin-ended column. 

Because of the restraining action, the maximum moment 
in a restrained column is less than if it were unrestrained. 


The solid lines in Fig. 3.9(a) describe the variation of 
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Fig. 3.8 Effects of unsymmetrical restraints on 
the end-moments 
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Fig. 3.9 Maximum moments in a restrained column 


49 


isghlitn) 


‘bee 


Ry bed 


Isai 
bec 


oh 


| 
| 
| 
. 


50 


maximum moments in a symmetrically restrained column. (The 
dotted lines will be discussed in Sect. 4.2.) For Yo > 1, 
the maximum moment begins to increase at the start of 
loading although the end-moments are decreasing, as shown in 
Fig. 3.9(a). For other values of rg, the maximum moment, 
initially equal to My, decreases at lower load levels, but 
later departs from My and increases thereafter. For smaller 
values of the first-order moment ratio, ro, a higher axial 
load is necessary to cause the maximum moment to move away 
from the end. Note that the maximum moment always maintains 
the same sign and the point of maximum moment tends to 
approach mid-height of the symmetrically restrained column 
Oeiga.3.7) ; 

For columns having the same non-sway effective length 


k the effects of unequal end-restraints on the maximum 


ns’ 
moment are illustrated in Fig. 3.9(b). The effects are 
negligibillesforirg t—olcerThesticurves {for *twoldifferent*valtes 
of stiffness ratio follow very closely. This continues up 
totthemcritical load, thotigh (nmoteshown in«the*figure.»eThe 
effects of unequal end-restraints are more significant for 
Goge= =O25e Compared tonmthe curvewof equal restraints at the 
same load level, the maximum moment in the column is smaller 
when Ky is stronger than K, (see Fig. 3.5 for definitions of 
K, and Ko), but it: is larger when K9 is weaker than kK). 

This is because Mj decreases less rapidly with an increase 


in axial load for the case of weaker Kz. It is shown that 


the maximum moment is not only a function of Yro and ae but 
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also a function of the relative values of K) and Ko. 


3.4 Single-storey frames 

The study of single restrained columns in the previous 
section assumes that the stiffness of an end-restraint 
remains constant as the axial load increases. When a column 
is a component of a frame, the end-restraints of any column 
may become a function of the deflected shape of the beams 
resulting from interaction between the columns. To shed 
some light on the effects of horizontal interaction between 
the columns, the behavior of the simple symmetrical frame 
shown in Fig. 3.10(a) is investigated for two different 
cases. 

In the first case, the frame is subjected to 
symmetrical external moments so that the beams are bent into 
symmetrical single-curvature, as shown in Fig. 3.10(b), and 
Phe ratio of first-order end=-moments, xo, for each column is 
equal to 0.6. In the second case, the external moments are 
antisymmetrical (Fig. 3.10(c)) so that the beams are bent 
into antisymmetrical double-curvature. The ratio ro for 
each column is -0.6. In both cases, one column is lightly 
loaded (strong column) and the other one is heavily loaded 
(weak column). The ratio between the two axial loads is 
kept constant during loading with Ny = 1.5N, as shown in 
Hig. 370 (a). 

As stated in Sect. 2.5, for a given frame and a given 


ratio of column axial forces, the elastic failure mode is 
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Fig. 3.10 A single-storey frame 
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identical to the elastic critical mode. This critical mode 
is independent of the initial deflected shape. As a result, 
the critical mode for both cases is the same and is shown in 
Fig. 3.10(d). It can be seen that in the first case, the 
stiffnesses of end-restraints do not change as much as in 
the second case. The process of the changes is shown in 
Pig. Set) for thewsfirst case and Fig. 3.12 for the second 
case. In both cases the exact moments, shown by solid 
lines, are compared to those obtained by assuming constant 
end-restraints equal to 2EI/L for single curvature and 6EI/L 
for antisymmetric curvature. In this way, the change in the 
end-restraints and the corresponding effects on moments can 
be observed. 

inetig. sell oforn ro = 0.6, the end-restraints remain 
quite stationary until fairly high load levels, as shown by 
mune, close correspondence of the M5 curves. For the stronger 


column, the maximum moment increases more rapidly than the 


one estimated using the first-order end-restraints. In 
effect, the strong column is losing end-restraints. On the 
other hand, the weak column is gaining end-restraints. This 


indicates that the strong column is assisting the weak 
column through the mechanics of horizontal interaction. The 
Overall trend of the behavior is essentially the same as 
that predicted by assuming constant end-restraints, however. 
For the antisymmetric loading case, rg = —0.6, the 
moments plotted in Fig. 3.12 indicate that the first-order 


values of the end-restraints closely approximate the exact 
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Fig. 3.11 Horizontal interaction between columns for r, = 0.6 
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Fig. 3.12 Horizontal interaction between columns for r, = -0.6 
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restraints until N/N, approaches 1.0. In this case, 
however, both columns ultimately lose end-restraints because 
the change from the initial anti-symmetric mode to the 
approximately symmetrical critical mode brings about a 
drastic decrease in the effective stiffness of the beams 
(from double to single curvature). The changes in the 
behavior of the weak column develop gradually and the trend 
of behavior does not differ from that predicted by assuming 
constant end-restraints. For the strong column, the changes 
are insignificant until a drastic change of behavior occurs 
as the elastic critical load of the frame is approached. 
This rapid change is brought about by the extremely large 
end-moments in the weak column, or in other words, the 
elastic failure of the whole frame is initiated by the 
elastic failure of the weak column. In an actual structure, 
these extremely large moments will not occur since the 
members will fail by material failure, and consequently the 
Snap-through change of deflected shape of the strong column 
will stop short before there are any significant differences 
from the curves based on constant end-restraints. 

In summary, the above two cases suggest that even in a 
frame with mixed strong and weak columns (the words ‘strong’ 
column refer to one having a high EI/L or stiff end 
restraints or low N/Ne ratio, 'weak' column means vice 
versa), the end-restraints of any column are quite 
insensitive to the geometric action, except when the column 
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impending elastic failure, the behavior of an individual 
column becomes complicated, as it is a function of the 
difference between the deflected shape of the end-restraints 
at elastic failure and the initial condition of the end- 


restraints. 


3.5 Multistorey frames 

In a multistorey structure where continuity of columns 
exists between storeys, the vertical interaction of columns 
due to geometric effects is a function of the relative 
stiffnesses of columns and the stiffnesses of the beams that 
connect the storeys. As the axial loads alter the relative 
stiffnesses of columns, they also affect the distribution of 
moments between columns. However, if the beams are stiff 
relative to the columns, any changes in the end-moments of a 
column will be absorbed primarily by the beams and therefore 
will not affect significantly the columns above or below. 

On the other hand if the beams are very flexible, any 
changes in one column will affect directly the other storeys 
through the continuous columns. 

An attempt is made in this section to observe the 
significance of the above two factors, but for beams of 
intermediate stiffnesses which are considered to be more 
typical. The horizontal interaction of columns is 
neglected. The simple two-storey frame shown in Fig. 3.13 
is the model to be examined. The bottom column of the frame 


is a distinctly weaker column than the upper column, because 
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Fig. 3.13 A simple two-storey frame 
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not only is it less restrained but also because the axial 
load it carries is 1.5 times that in the top column. Two 
cases will be studied. The beam that separates the two 
storeys in the first case is 5 times that in the second 
case, as shown in Fig. 3.13. In both cases, the first-order 
ratio of end-moments Yo is equal to zero for both the upper 
and lower columns, and the column end-moments at the mid- 
height of the structure are equal. 

The variation of the maximum moments with increasing 
axial loads are shown in Fig. 3.14 for the top (strong) 
eerunmn for both cases, and in Fig. 3.15 for; the bottom 
(weak) column. In all the figures, the maximum moments are 
also compared to those obtained by assuming first-order 
(constant) end-restraints. Since the first-order column 
end-moments are distributed equally at the mid-height, the 
corresponding first-order end-restraint is equal to half of 
the effective stiffness of the beam. Note that A is the 
Woad factor i( Fig. 3.13), and ie is «the critical Load factor 
of the frame. 

From the two figures, it is seen that the strong column 
is assisting the weak column as the axial loads increase. 
This phenomenon is more pronounced for the frame with the 
flexible beam between the storeys. It should be noted that 
this effect became quite appreciable even at early stages of 
loading. 

In a multistorey frame where both vertical and 


horizontal interaction of columns may occur, it is likely 


fates ors deuast 

i‘ one ans aE on ao 
edt sesemereR Serj, mest 3A on 
“baonse’ ott th devet} | eeontS @ ak aieo jest oa 
zaikrno dace wit esees dio al (Bt, ae * a ecto 
‘ore st? dtd TOY OSs OJ faipS se oF | y oe 
“bin ot, tn atinvenom=beis vay tei wih Daas > ia 
| J ttids Als ey a oo 8 
or heeowoas iadw, etreaiaom eyspncsste anh Ie, cotoatser'h 
lomouta} dot, Sif -a0% Biy.6 et git, ryote: ots it: | 
mottod. anit qed oie a bi oan ren so 38. : 
ets’ appentip a pds. , ap uMy tt wit, tt. rs oe -vimtee 
Te oe ener ee et er gear or * : 
inten tebhzO-Seser als, songs rniaconwcrten 
of? ,tcpiai+bion oe ts ne re tality cil aap 
tT ited of Lalipe ai ognk & 4944 hae. seal 


7 


\ 


i 


oft aks pss Sheu af of Qo sepwiiies 


aevlod erbide sH8 36q5 cees et ti .saeteeh? ae 


\e : a ! vit . 
Ti hi sued Seas Estee sit a6 aowion tke oy ~ : 


7 el - omatt a iat Sesoupiow ‘Swen ae he a 
: rea : 
| _ seit Badon ad ‘piuees st. ayeyoee safe abana neo oid: 
oT ; } 7 : 
art) we 


Pari ri 
ith 18s isi owaese er 36 pees ai. dea S5ca4e hia napaitnadl « or ny ; 
; a yp a ae : aa are Te » ib 
i = - ; 7» 
iesasay * aren suse Sele 

“eo . 
> .. a ; a site a 


Moo 
2.0 
Stiff Beam 
1.5 
1.0 
Xd 
0.5 mes 
0 0.2 0.4 0.6 0.8 Xd 
max 
Moo 
2.0 
Flexible Beam 
15 
10) beeen ee 
dh 
0.5 AG 
) 0.2 0.4 0.6 0.8 7 


Fig. 3.14 Variation of maximum moments in the 
top (strong) column of the frame shown in 
Fig. 3.13 
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that the vertical interaction would play a more significant 
part. The significance is, obviously, a function of the 
factors discussed previously. In the case that the effects 
of both interactions are significant, it seems that the 
combined effects are too complicated to be traced in a 


general discussion. 


3.6 Summary 

The change of the deflected shape of a pin-ended column 
from its initial mode to its critical mode has been 
described. As the critical load is approached, the 
inflection point (if any) in the pin-ended column moves to 
the nearest end, while the point of maximum moment moves to 
mid-height of the column. 

The changes in the end-moments of a symmetrically 
restrained column due to increasing compression have been 
described. These show how the column changes from its 
maidtcvalomode to its Critical mode of triple curvature, and 
how the change of end-moments restrains the column 
deformations resulting in a larger critical load than if the 
column were unrestrained. The differences between the 
behavior of columns having unequal end-restraints and equal 
end-restraints have also been discussed. 

Increasing axial compression will reduce the maximum 
moment in a restrained column if the maximum remains at the 
end of the column. With further increase in the compressive 


force, the maximum moment will be forced away from the end, 


afd to eet : geomet ved spisoz®, | 

sdoctie ote tHdt+ eeeD Sat AL ater, i 
ans tects ameek Ft nsoteiawhe one: ; 

& at besa oy oo S63eohF ants toe 


anuteo Betneseniy 6 Toavaqad hastrethes, OT 

msesd een ehom. fsorscay Ais bie ‘seein me ” 7 

an (batidectqas: of nee Lea 7 

Od Bevo proton bbe vite: Saty: Hi iia’ se) 

od never snemba ag0tken, 16 Shicg’ sie ef A habe 
= ? 

amine ait ae 

(eo Pou e g FO: 23h Paras od a \ 

faed sve ootaasgg1o9 prbesbpad! Oe ae: aie 

até) oer aetnato ofillos an weggt ee 

Sim ,STHtavteo akg Ets 7. Sai levigiis asi. oF shite te 

noice aria pigs W286 L esysnom~ Gra 2p: wos a 


= © 


i 


aft 2ivaeddY beol.tssigc719 danas 4 as onit ives 3 eit 
oid nséWwiod | dea ynsistt26.Sd2 ‘ts 


isups bas. 34 nie hl ono lewpenu poiven ania fog ers: 


: 
-Eszeltalt nest offs evan} 2 = 
ra “ ee 7 
- Li : nll 


1 
T 
=. 
* 
= 
bart 


muminam edi ssvbor itl notesegiion ipiés 


- (pe Grit 138 an tise s, ALLE eo ant} 34 cana Ci) 
Y . . ! re _ Mu 
— TsE8 2099 sits GI saasesaad 26s} We le 


a 


abe" ans net swe bas 3108 ad. ie is Fae 


, i a a 
I! =e 7 e-? oo 


nt eased 


t = 


63 


and the maximum moment will increase thereafter. The 
process depends on the first-order moment ratio (rg), the 
load level and the magnitudes of the end-restraints. 

The horizontal interaction of columns has been 
discussed with the help of two illustrations. They suggest 
that even in a single-storey frame with mixed strong and 
weak columns, the end-restraints of a given column are quite 
insensitive to the geometric action, except at impending 
elastic failure of the frame. 

The two cases illustrating the vertical interaction 
between columns indicated that stronger columns assist 
weaker columns as the load levels increase. This phenomenon 
is more pronounced for a frame with more flexible beams 


between the storeys. 
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4. APPROXIMATE SECOND-ORDER ANALYSIS OF ELASTIC NON-SWAY 


FRAMES 


4.1 Pin-ended columns 


The maximum moment M,., in an elastic pin-ended column 


can be written in the form: 
(ae eelig) 


where My is the numerically larger end-moment and 6 is the 
magnification factor which is generally separated into two 


terms: 
CAs) 


where by is the value of §& corresponding to symmetrical end- 
moments (r = 1.0), and CG, is the correction factor employed 
EOmacCCOunt sf05 oF «4-41. 0 «,,.:The sinsymmetrical, endsmoments can 
be visualized as being replaced by equivalent symmetrical 
end-moments equal to C,Mo, which will give rise to the same 
maximum moment as occurs under the actual loading. From Eq. 


2.8 and some trigonometric operations: 
6, = sec 5 (4°23) 


and 
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eed 


D 
= A Soe ie A eles 
cay 2 (1 - cos 8) (ae) 


For a column subjected to end-moments, Eq. 4.3 can be 


approximated by (Wang and Salmon, 1973): 


orn 62 3.0 
64 o ey ee ae (4.5) 
where a = N/N.-: The approximation is derived by assuming a 


Sine curve for the deflected shape of the column and 
applying the conventional moment-area method. Another 
approximation of by Similar to Eq. 4.5, can be obtained by 
using the energy method considering only one sine term of 


the Fourier series (Galambos, 1968): 


je ee (4.6) 


When the average of Eqs. 4.5 and 4.6 (given in Eq. 4.7) is 
compared to the exact solution given by Eq. 4.3, the errors 
are within +0.2% and -0.1% for N < 0.5 N,, and -2% for 

Ne< Na. SThereforesit maybe concluded that Eq. 4.7 is a 


very good approximation for 6,.- 


er Ee ce OP Hey fe! (A*,7) 


In the design codes AISC (1978) and ACI (1977 )miat a6 


implied that Eq. 4.3 can be approximated by: 
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Sain Si ? (4.8) 


(discussed in the Guide ed. Johnston, 1976 and MacGregor et 
al., 1970). This approximation is unconservative and the 
Paro Cali be -as high as —-l1is for N = 0.5 N.- This will be 
discussed further in Sect. 4.5.1. 

Due tovthe Jimitationsonso imposed by-Eq. 2.9, the 
values of C, for N < N, have an upper bound which is 
Socteained byisubstituting/r f=cos/ 8 into Eq. 4.4.8 The lower 
bound is determined corresponding to N = Ng. These two 
bounds are plotted in Fig. 4.1 together with curves for 
different values of N/Ne computed using Eq. 4.4. An 
approximation for C,, neglecting the dependence on N/Ne, was 


suggested by Austin (1961): 


OL6 r+ (0.4 -r for BO ser 3) t=05, 5 


Q 
I 


and (4.9) 


Co HO .8 + 0.8 r for =O55 > rf > =4-.0 


Equation 4.9 is also plotted in Fig. 4.1. The equation 
is applicable for the case of in-place bending. Massonnet 
(1959) developed a similar relationship for the case of 
elastic lateral-torsional buckling of an I-shaped, bi- 
symmetrical, pin-ended column. The column is eccentrically 


loaded at the ends to produce bending about the strong axis 
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and assumed to fail by combined bending and twisting. The 
unequal end-moments are replaced by equivalent symmetrical 
end-moments Meg which will give rise to the same lateral- 

torsional buckling load as occurs under the actual loading. 


Using the energy method, Massonnet expressed Meg as follows: 


= 


pee 03 ee Orr (4.10) 


Ps 


K4 


Equation 4.10 is approximate in the sense that the 
dependence on the axial load and some torsional parameters 
are neglected. (The derivation of Eq. 4.10 and the 
assumptions involved are thoroughly described by McGuire, 
1968.) The soundness of this equation has been corroborated 
by Horne (1956) and Salvadori (1956) although they based 
their solutions on different assumptions. 

In order to extend Eq. 4.9 to include the case of 
lateral-torsional buckling, Austin (1961) proposed the 
following equation (adopted by the current ACI (1977) and 


AISC (1978) Codes): 


Ce 007074? 0.4 (4.11) 
which closely approximates Massonnet's equation (Eq. 
4.10). With the limitation of cones 0.4, Eq. 4.11 becomes 
overly conservative for values of r close to -1 for in-plane 
bending (Big. 64.1). Onethe other hand, for r.> -O->5, the 


equation may underestimate C, by up to 20% (Fig. 4.1). The 
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unconservative errors can be considerably reduced, however, 
if the approximate magnification factor, 6 = Cr Sy. is 
limited to values greater than or equal to 1.0. This will 
be shown in the following paragraphs. 


If Eqs. 4.8 and 4.11 are combined with the limit of 


6 > 1.0, the approximate magnification factor becomes: 


and (4°12) 


Coe 0.027 -044 irs 10.4 


which is the basic equation for calculating the maximum 
moment in a non-sway slender column specified in the ACI 
Code (1977). The errors in Eq. 4.12, compared to the exact 
elastic solution (Eqs .;2%:8 sand 2.9)¥, are shown in Fig. 4.2. 
The approximate equation appears significantly 


unconservative in many cases because Eq. 4.8 itself is 


unconservative. If Eq. 4.7 and 4.11 are used instead such 
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the unconservative errors are considerably reduced, as shown 
in Fig. 4.3. The error is always less than 4% on the 
unconservative side for N < N.- For N <'0.5 No; ‘the “error 
is within +8% and -4%. For N > 0.5 Na, Eq. 4.13 becomes 
increasingly conservative. It should be noted that for 
design purposes, the overconservative estimates at very high 
axial compressions are not of practical importance because 
the magnitudes of the design moment would be very small, as 
reflected by the moment-axial load interaction relationships 
of steel or reinforced concrete columns. The errors can be 
reduced yet still remain conservative, if the lower limit of 
0.4 is deleted. It appears reasonable to neglect the lower 
limit if lateral torsional buckling is not a consideration 
such as in the design of reinforced concrete columns. This 


Will be discussedwftirther in Sectw45.. 


4.2 Effective length method for single restrained columns 
The current design approach in the United States (AISC, 
ACI) and Canada (CSA) for restrained non-sway beam-columns 
proceeds as follows: The restrained beam-column is replaced 
by an equivalent pin-ended beam-column whose length is equal 
to the effective length of the real restrained column, kyj.gbl 
(Fig. 4.4(a)). This equivalent pin-ended column is then 
analyzed for the axial compression plus the first-order 
internal end-moments of the real column. The use Of ky, is 
intended to take into account the effects of the end 


restraints on the end moments discussed in Sect. 3.3. 
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This method appears to have little theoretical basis 
except in the case of a column subjected to uniform first- 
order moment shown in Fig. 4.4(b). With increasing axial 
load the end moments decrease as shown in Pig’. San (ave Che 
actual moment. curve intersects the first-order moment at two 
points where the actual moments are identical to the first- 
order end-moments. The column can then be considered as a 
pin-ended column subjected to end-moments equal to the 
first-order end-moments of the real restrained column, with 
a column length equal to the distance between the two 
intersection points. The assumption that the intersection 
length is equal to the effective length is questionable, 
however, aS will be studied later in this section. In the 
case of non-uniform first-order moment (Fig. 4.4(c)) where 
the moments at the intersection points are different from 
the first-order end-moments, the method loses its 
rationality. Therefore, in general, the effective length 
method can only be justified on an empirical basis. 

The application of the effective length method to beam- 
columns was proposed by Winter (1954) based on the work of 
Lee (1949) and Bijlaard et al. (1953). Lee (1949) suggested 
that the maximum moment in a restrained elastic column with 
equal end-restraints and symmetrical joint moments can be 
approximated using the effective length method. Bijlaard et 
al. (1953) extended Lee's approach with some modification to 
determining the collapse load of an inelastic column with 


elastic restraints. Since this section deals with elastic 
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aspects of column behavior, discussion of Bijlaard's and 
Winter's papers is given in Sect. 4.5.2. 

The following summarizes the development of Lee's 
method (1949). The restrained column studied, and the 
definition of related symbols have been shown in Fig. 3.5. 
For a restrained column with equal end-restraints K and 
symmetrical joint moments Me, the winternal end-moment, M, 
acting on the column can be obtained using the slope- 
deflection equation (Eq. 2.3), considering force equilibrium 


and rotation compatibility at the joints, and is given by 


Mag : 
i (4.14) 


where 
B = 7 oN NE 
egies Cook 
e 7 2 
L 


From Eq. 4.3, the maximum moment M,., in the column is equal 
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Max m sec (6/2) (4B) 
M Meo he ban (ey). 


e 1 + EDL 3 
If the restrained column is replaced by an equivalent pin- 
ended column with a length equal to the effective length 


Knsl, then, also from Eq. 4.3, the maximum moment is equal 
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where 


The fictitious end-moments M that should be applied at the 
ends of the equivalent pin-ended column can be obtained by 


equating Eqs. 4.15 and 4.16: 


H = ——___Sec (8/2) —__ OR NG 
Mee sec CE Ler unt + ss eouin/ 2!) 


E1/L B 


Thesetftective length factor ki. is usedjin Eq. 4.10 
(though not explicitly stated by Lee), so that Eq. 4.16 
gives the same elastic critical load as that of the real 
restrained column. The value of M for different magnitudes 
of end-restraints (or kee) under increasing compression are 
plotted in Fig. 4.5 (from Lee's thesis, 1949). The end- 
moment M increases gradually except in the vicinity of the 
buckling load at which M drops abruptly to zero. Lee (1949) 
Suggested that for simplicity, one may consider Masa 
constant equal to Mg which is the value of M when the column 


exial thrust+is equal to zero. That is, Mg is. the internal 
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end-moment of the real restrained column determined from a 
first-order analysis. The maximum moment is therefore 


approximated by 
_Mmax — sec § (4.18) 


the serrors introduced™by Eq. 4%18 for different values 
Of Kyg are shown in Fig. 4.6 as a function of the axial 
compression N divided by the critical load Nie: st, should 
be noted that although both the approximate value given by 
Eq. 4.18 and the theoretical value from the exact analysis 


become infinite at N=N mathematically speaking, they 


ns’ 
are not equal, as shown in Fig. 4.6. From the figure, the 
effective length method is shown to be unconservative for 
this case. The errors increase with increasing axial 
compression. With stronger restraints (or lower k,,), the 
errors are larger at a given N/Nns- For instance, the error 
at N = 0.5N,, for ky, = 0-85 is approximately -4% and for 
ae SPU ovis e-Ot em FOr Lower svalues: Of Kio, which may be 
regarded as uncommon in practice, the errors are 
considerably larger. 

A modified effective length factor k, which gives exact 
values of the maximum moment when used in Eq. 4.18 is 
plotted in Fig. 4.6(b). Because the first-order bending 
moment is uniform along the column, k,L is identical to the 


intersection length according to the previous discussion 


(Fig. 4.4(b)). Figure 4.6(b) shows that with increasing 
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Fig. 4.6 Examination of the effective length method 


for K, = K, and no 1.0 
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compression, k, approaches the value of k and is 


ns! 
extremely «close ‘to kj, at the critical load. The ratio 
Kkm/Kng varies from approximately 1.06 to 1.0 and 1.03 to 1.0 
for Kyng = 0-75 and 0.85, respectively. 

When Figs. 4.6(a) and 4.6(b) are examined together, 
they indicate that although k,n, becomes a more accurate 
approximation at higher axial loads, the resultant errors in 


the maximum moment increase. This is also indicated in the 


extreme condition of N=N 


ae ee which “the-ratio k./ kK ome 


extremely close to 1.0 (Fig. 4.6(b)), while the difference 
Pimtne momentsets still distinct (Fig. 4.6(a)). This is 
because the maximum moment given by Eq. 4.18 increases very 
rapidly with increasing compression (Fig. 3.4), and hence 


the change in M becomes more sensitive to the change in 


max 


N/N (Zi, te... , Tk Newhen thevaxial Toad-;is larger’. 


ns 
The above observation suggests that a small 

overestimation of k,, can eliminate the unconservative 
errors in the maximum moment for some particular cases. An 
example of k,, = 0.75 shows that if the value Of tk, aes 
overestimated by about 3.5% (Fig. 4.6(b)), the maximum 
moment for N = 0.5N,, can be accurately determined using the 
effective length method (Eq. 4.18). On the other hand, if 


k is underestimated, the maximum moment will be 


ns 
underestimated to a much larger degree. 
The above results for columns with equal end restraints 


are also applicable to the unequal end restraints if the 


first-order moment is uniform. In Section 3.3 (Fig. 3.9) it 
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was shown that the maximum moments are essentially 
independent of the ratio of end-restraints for a given value 
of k,g and uniform first-order moment. 

When the effective length method is extended to non- 
uniform first-order moments (ro # 1.0), from Eqs. 2.8 and 


2.9, the maximum moment is approximated by: 


3 a 
max _ NT tO 7 oomtO Coe es 
i = —  ——_ for ro > eos. 6 
02 sin 8 
(4.19) 
= 1.0 FOr Yo < cos B 


Equal end-restraints are first studied for the case of 
Mhoat Us/2 in Fig. 4.7. The theoretical maximum. moment is 
determined using the exact elastic analysis described in 
Bect 2.3.) For rg < 1.0, Eq. 4.19 gives conservative 
BeSULTS Up -hO.ay,load) level that depends on the, value of rq, 
as shown in Fig. 4.7(a). For smaller values of ro, the 
method tends to be conservative up to a larger axial load. 
This can be explained by noting Fig. 3.9(a), which shows 
that the ratio Mysx/Mo2 for ro < 1.0 initially diminishes 
due to the axial load, whereas the value of Mjsx/Mo2 
determined by Eq. 4.19 (shown in Fig. 3.9(a) as dotted 
lines) is always greater than or equal to 1.0. When the 
ratio Mysx/Mo2 is equal to 1.0, the value of k, which gives 
exact results when used in Eq. 4.19 becomes immaterial (Fig. 
4.7(b)). As expected from Fig. 4.6, the case of rg = 1.0 


(for equal end-restraints) gives unconservative values of 
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Fig. 4.7 Examination of the effective length method 
forK,=K, andr, < 1.0 
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moment for all values of axial load and forms a lower bound 
on the other curves. For restraint magnitudes other than 
Kns = 0-75, the results are similar except that the 
magnitude of the errors will be larger for stronger 
restraints and smaller for weaker restraints. 

For the case of the unequal end-restraints, Fig. 3.9(b) 
indicates that for a given Kung a column with weak restraint 
Kg at the end where the moment My acts and strong Kj 
(symbols defined in Fig. 3.5) has the greatest maximum 
moment at any axial load for a given Kncg and ro vatue. “The 
extreme case of K, = 0.0'(a hinge), ‘shown jin Fig."4.8, 
indicates that for ro < 1.0 the maximum moment approximated 
by Eq. 4.19 is accurate up to a certain load level because 
the maximum moment occurs at the end (M,., = M2 = Moo)- 

When the maximum moment occurs between the ends of the 
column, the approximate values become unconservative. 
Unlike the previous case, the approximate values tend to be 
much more unconservative for smaller values of rg- This is 
also reflected by the values of k, in Fig. 4.8(b). 

In conclusion, the maximum moment in a column subjected 
to uniform first-order moment analyzed by the effective 
length method, which can only be considered empirical, is 
always less than the theoretical elastic value. For columns 
subjected to first-order moment gradient, with weak Ky and 
strong K,, the errors could be even greater. On the other 
hand, the method may produce conservative results in cases 


where the actual maximum moment in a column 1s less than the 
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Fig. 4.8 Examination of the effective length method 
for K,/K, =GOandr, < 1.0 
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larger first-order end-moment. (This condition cannot be 
predicted by the effective length method.) The errors 
increase with smaller k,, and with larger axial load. Ina 
design situation where the maximum moments need to be 
estimated, the above results suggest that a restrained 
elastic column analyzed by the effective length method may 
have a safety factor less than that implied for a pin-ended 


column. 


4.3 ACI method 
4.3.1 Single restrained columns 

According to the current ACI Code (1977), the maximum 
moment (M,.,) in a single restrained non-sway column with 
given internal first-order end-moments (Mp1, Mg) can be 


determined by the following equation: 


Geeee be oe OR eG (4.20) 


where 
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The moment magnifier 6. is defined as Mae wiMgo, tendaéx af is 


N/Nns° 
In the ACI Code Nu, is actually written as 6 N.. where 


6 accounts for variability in N,,- Since this discussion 


deals with ideal elastic members, $ will be taken equal to 
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1.0. The derivation of Eq. 4.20 is an approximation of the 
elastic solution based on a pin-ended column CECwe4 ele? =cty 
Sect. 4.1) and it is extrapolated to a single restrained 
column by incorporating the effective length factor ve 
(sect. 4.2, MacGregor et al.~,, 1970). 

The moment magnification from Eq. 4.20 is compared to 
the upper and lower bounds of Mnax/Mo2 from the theoreteical 


elastic solutions for a given N/N in. Pigs. 424.0 to 454 


ns 
BOter ges 20,5 0.5, 0-50; -0.5, and =1.0, respectively. (As 
mentioned in Sect. 3.3, for a given N/N,,, the maximum 
moment in an elastic column is a function of ks and @the 
relative magnitudes of the two end-restraints. Based on the 
Observations made in Sects. 3.3 and 4.2, the upper and lower 
bounds of the maximum moments occur in the columns shown in 
Fig. 4.9. Each of the column types shown was studied, and 
the upper and lower bound values were selected. 

For rg = 1.0, the upper bound on the maximum moments 
corresponds to columns with infinitely stiff beams at both 
ends, and the lower bound corresponds to columns with beams 
of zero stiffness (see Fig. 4-6(a)). A column with an 
infinitely stiff beam at one end and a hinge at the other 
end produces the upper bound values for ro = -1.0 (see Fig. 
4.8(a)), whereas a column with infinitely stiff beams at 
both ends produces the lower bound values (see Fig. Zee 9 er 
For intermediate values of ro, the governing types of 
columns depend on the ratio ro as well as the magnitude of 
In many cases, the column with an infinitely serie 
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M, 
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governing case fixed support governing case 
for in 31-0 for ip EO 
Upper bound 
M, 
M, 

governing case governing case 
OFT, =-1.0 for ry = 1.0 


Lower bound 


Note: The internal moments (M,, M,) and deformations are arbitrarily 
shown according to the positive sign convention 


Fig. 4.9 Types of columns corresponding to upper and 
lower bounds of the maximum moments 
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beam at one end and a hinge at the other end is the dominant 
case for upper or lower bound values. It should be noted 
that in determining the upper bound values, the larger 
first-order end-moment Mo2 is applied at the hinge (i.e., M5 
= Mo2 for any values of N/Nns)+ whereas for lower bound 
values, Mo>9 is induced by the infinitely stiff beam (see 
Big.ete9(bD),)...,.From Figs.)4.10.to.4.14, it.can.be.seen that 
the difference between the two bounds increases with 
increasing values of N/N,,- 

In. the.case of rg = 1.0, the maximum moments from Eq. 
4.20 fall below the lower bound values for all values of 
N/Noe because of the following two reasons. First, the term 
[0.25 N/N,,] has been neglected in Eq. 4.20 (see Eq. 4.7). 
If it were included, Eq. 4.20 would be almost the same as 
the lower bound curve. Second, the use of effective length 
method itself makes the solutions unconservative as 
discussed in Sect. 4.2. For smaller values of ro, Eq. 4.20 
approaches to the lower bound and moves into the bounded 
region... This is because as rg decreases, Eq. 4.20, which is 
derived from the approximate equation (Eq. 4.12) for a pin- 
ended column, approaches closer to the theoretical equation 
for a pin-ended column as shown in Fig. 4.2. In addition, 
the effective length approach leads to conservative results 
up to certain load levels for lower bound cases as shown in 
Sect..4.2. .For ro.= 70-5, Eq. 4.20 becomes virtually the 
mean curve of the two bounds. For ro = -1.-0, Eq. 4.20 


predicts values even higher than the upper bound at larger 
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axial loads due to the limit of C, 2 0.4 imposed on the 


equation. 


4.3.2 Multistorey frames 

As discussed in the previous sections, the current ACI 
Code (1977) method for calculating the maximum moment in a 
non-sway column (Eq. 4.20) is developed for single 
restrained columns whose magnitudes of end-restraints are 
unaffected by the geometric effects. In order to extend the 
method to restrained columns in a non-sway multistorey 
frame, it is necessary to assume that the end-restraints of 
any column in the frame remains unaffected by the geometric 
effects. As a result of this assumption, any column can be 
isolated from the frame, as shown schematically in Fig. 
4.15, such that the end-restraints for the isolated column 
are equal to the first-order end-restraints. 

In the Commentary to the ACI Code, the end-restraints 
are expressed in terms of the ratios of column to beam 
stiffnesses. The following analysis, based on the 
assumption in the above paragraph, is a necessary step 
preceding the method suggested in the ACI Commentary. The 
restraint offered by a beam is a function of the signs of 
the moments at its ends (Eq. 4.22, to follow), and the 
restraint is distributed to the upper and the lower column 
at a joint according to the relative values of the column 
end-moments at that joint. Thus the first-order end- 


restraints can be determined from the first-order moments. 
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Fig. 4.15 A column isolated from a non-sway frame 
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The restraint stiffness Ky at joint 2 of the isolated column 


(Fig. 4.15) obtained in this way is equal to: 


M Lae 
02 B 

OS colll B beam 

where 
m= 3 
1 of BOE | (4.22) 
2M 
OJ 


and (ZMy) 661 denotes the sum of first-order column end- 
moments at joint 2, Moz is the first-order beam moment at 
joint 2, and Mop is the first-order moment at the far end of 


the beam (Fig. 4.15). The symbol denotes summation 


Co) Beam 
for all beams rigidly connected to joint 2. Note that the 
first-order beam moments are those determined from the 
unbalanced fixed-end moments at the joints in the non-sway 
frame before the superposition of non-sway and sway effects 
(Fig. 2.9). The restraint stiffness K, at the other joint 
is given by the above equations with Mo2 replaced by Mo), 
and the summation of column moments and beam stiffnesses 
taken’ at joint 1. 

Once a column has been isolated from the frame and the 
end-restraints are given by the above equations, the ACI 
Code treats it in the same way as discussed before for a 
single restrained column. In short, the effective length 


factor required in the ACI method for a restrained column in 


a multistorey frame should be determined based on the 
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corresponding first-order end-restraints. It is emphasized 
here that this assumption is a necessary step to extend the 
ACI Code design method to a column in a frame. 

The assumption of constant end-restraints, i.e., 
neglecting the horizontal and vertical interaction of 
columns due to geometric effects, is reasonable for large 
regular multistorey frames where the member stiffnesses and 
axial loads of neighbouring columns do. not vary appreciably 
(Sectsie 13'.4.and: 3).5)). . Incase ‘the vertical-interaction is 
Significant, as discussed in Sect. 3.5, the assumption that 
a column can be isolated is conservative for weak columns 
(Fig. 3.15), but unconservative for strong columns (Fig. 
3.14). For horizontal interaction, the further assumption 
introduced in the following paragraph will make the solution 
tend to be conservative. 

The current ACI Commentary (1977) recommends a further 
step to simplify the determination of the constant end- 


restraints in calculating the effective length factor by 


making the following assumptions: 
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where (fz =*) l denotes summation of columns rigidly 
connected to that joint. By substituting Eq. 4.23, into Eq. 


4.22, m becomes equal to 2.0. Substituting m = 2 and Eq. 
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4.24 into Eq. 4.21, Eq. 4.25 is obtained: 


2EI 
K50-4G_y, (4.25) 
2 
where 
Et 
oe (2 5 ee 
Din EI 
B 
a) 
B beam 


Similarly K, is a function of G,;.- Consequently, the 
erfectivenlengthwfactor forsany column? in’ theo frame? canbe 
computed after obtaining the values of G,; and Gy). An 
effective length factor alignment chart, which is 
constructed according to the above assumptions and therefore 
is a function of G; and Gy, is given in the ACI Commentary 
(1977), as well as in many other design codes. 

The assumption in Eq. 4.23 that the beam effective 
stiffness is equal to 2° EIp/Lp tends to be conservative and 
in fact safeguards the unconservative errors due to 
neglecting the horizontal interaction of columns (Sect. 
224)20d-Theésother lassumption | (Eqei 4.24)othatrcthesratroeoft 
column end-moments at the joint is equal to the ratio of 
their stiffness parameters EI/L is reasonable if the far 
ends of the upper and the lower column are in similar 
condition. It can be seen that these two assumptions appear 
reasonable for a regular multistorey frame with regular 


loading pattern. 
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If the far end of the beam that is framed into the 
column under consideration is hinged (Mop = 0.0), m becomes 
equal to 3. In order to use the alignment chart that is 
based on m = 2, the beam length should be multiplied by 2/3 
when calculating the value of G. Similarly for a beam with 
the far end fixed against rotation, the beam length should 
be multiplied by 0.5. This correction is mentioned in the 
AISC Commentary (1978) but not in the ACI Commentary (1977). 

It should be noted that the derivation of the present 
form of the ACI method, as applied to multistorey frames, is 
unclear in the commentary, or the source paper (MacGregor, 
et al., 1970). It is believed the above description is a 
logical presentation of the assumptions involved. 

The assumptions and simplifications involved in 
development of the ACI method suggest that it is not 
necessary to perform a rigorous elastic stability analysis 
for the whole frame to find the ‘exact' effective length 
factors. (Of course, one would) not do this in practice 
since a stability analysis is no simpler than an exact 
second-order analysis.) This point, however, is unclear aor 
the present ACI Code and Commentary. 

In the ACI Commentary, it is also suggested that the 
effective length factors used in the ACI method (Eq. 4.20) 


can be taken as the lesser of: 


Kas = 80778450205 (aap tec.) < 120 


(4.26) 
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kus = 0285 + 0.05 Gs <0 
where G, is the smaller of G,; and Goa. This equation is a 
conservative empirical approximation for the effective 
length factors determined based on the previous assumptions 
(Eqs. 4.23-4.25). The formula was developed by Cranston 
(1972), and is recommended by the current British Code for 
eoncrete (Ce 110, 1972) 

The results from Eq. 4.26 are compared in Fig. 4.16 
(from Cranston, 1972) with those from an exact analysis of a 
single restrained column with end-restraints given by 
Ba. 4.250 (ife., the same results. as those\.from the 
conventional effective length factor alignment chart). It 
is shown that the approximate equation (Eq. 4.26) always 
errs on the conservative side with errors ranging from 5% to 
20%, mostly 10%, for k,, > 0.7. Equation 4.26 has a lower 


PAmLt. Of kee 0.7, which will be discussed in Sect. 4.5.3. 


4.4 Wood's method 

In determining the maximum moment in a single 
restrained column from the first-order end-moments, Wood 
(1974) proposed to use empirical curves which depend only on 
N/Nys for a given value of rp- The curves were intended to 
represent the mean values of the upper and lower bounds, but 
they tend to be closer to the upper bound curves, as shown 


in Figs. 4.10-4.14. These curves will be incorporated in 


the new British Code for steel design (BS 449, Roberts and 
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—— — — Cranston 
Exact 


Fig. 4.16 Effective length factors for non-sway single columns 
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Yam, 1981). Such curves provide conservative results in 
almost all practical cases since the types of columns 
corresponding to the upper bound are rare in practice, but 
inevitably are overconservative in many cases. 

For restrained columns in a multistorey frame, the 
assumptions in the ACI method are also followed except that 
the far ends of the beams are assumed fixed against rotation 
(i.e., m = 4 in Eq. 4.22) in determining the effective 
length factor (Wood, 1958, 1974). The different assumption 
is less conservative than the one in the ACI method, and 
appears unconservative in many practical loading cases when 
the beams are bent into single curvature (due to the 


unbalanced fixed-end moments). 


4.5 Discussion 

The major objective in this section is to discuss the 
accuracy of the ACI (1977) method in predicting the 
geometric non-linearity of non-sway columns. Since the ACI 
design rule is based on pin-ended columns, such columns will 
be discussed first. The discussion on the methods of 
extending the design rule for pin-ended columns to single 
restrained columns and restrained columns in multistorey 


frames will follow in the next two sections. 


4.5.1 Pin-ended columns 
The ACI (1977) design equation (Eq. 4.12) for pin-ended 


columns omits the term O0.25a included in the more accurate 
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Eq. 4.13. The omission of this term, however, has been 
shown in Fig. 4.2 to be unconservative. As discussed in 
Sect. 1.1, the derivation of the present ACI Code (1977) 
procedure for designing slender columns basically follows 
the procedure of approximation shown in Fig. 1.1 (MacGregor 
et al., 1970). That is, the inelastic effects and geometric 
effects are approximated independently of each other. If 
this assumption is strictly followed, it appears more 
reasonable to include the term 0.25a in the ACI equation. 
BoSShown Min Secus 4uin=the slime vor CO MOn4 sine@thetAel 
equation is theoretically unnecessary for in-plane bending, 
Since this limit was derived for lateral-torsional buckling. 
In fact, this was realized by MacGregor et al. (1970) when 
developing the ACI (1977) design equation, but the limit was 
still employed because of "the uncertainty of frame action 
when values of r are between -0.5 and -1.0". The 
"uncertainty of frame action" referred to the unwinding 
problem imentionéd” in" Sect sV3.2" Tests” of (pin-ended 
reinforced concrete columns bent in double curvature 
(r ~ -1) carried out by Martin et al. (1966) and MacGregor 
et al. (1966) have indicated that under high axial loads the 
column may unwind rather suddenly with the column collapsing 
in the instability mode. Since, in the derivation of the 
ACI (1977) equation, it was assumed that ‘material failures' 
rather than ‘stability failures' would occur, it appears 
advisable to retain the limit to safeguard against an 


instability mode of failure. 
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It can be seen that the limit of Cnr ? 0.4 is also 
applicable even if the exact elastic equations (Eqs. 2.8 and 
2.9) are used to calculate the maximum moment. AEtew all, 
this limit becomes effective only when the axial load in a 
column is greater than O.6N,, which is a high axial load for 
a pin-ended column in practice, and as a result the limit 


should seldom have effect in design. 


4.5.2 Single restrained columns 

The discussion on single restrained columns is divided 
into four parts. In part (a), the question of whether a 
restrained column can be designed as a pin-ended column when 
the internal end-moments can be exactly determined at the 
onset,.of failure will. be discussed. In part (b), the study 
of the effective length method carried out by Bijlaard et 
al. (1953) for steel beam-columns will be discussed. In 
part (c), a conservative estimate of the effective length 
factor using Cranston's equation (Eq. 4.26) will be 
suggested. In part (d), it will be suggested that the limit 


Of Cia 40.04 sform nestrained,.columms.<is -still jrequired . 


(a) Equivalent pin-ended columns 

Theoretically, a pin-ended column can be considered as 
a column with known end conditions provided the axial load 
is less than the critical load of a pin-ended column, and 
the maximum moment in the column can be computed. 


Similarly, a restrained non-sway column can be treated in 
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the same way if the internal end-moments can be accurately 
determined at the onset of failure. It should be emphasized 
here that the end-restraints strengthen the column by 
Changing its internal end-moments during loading to act in 
the opposite direction to the deflection caused by the 
increasing compression (Sect. 3.3). In other words, when 
the exact internal end-moments in a column at the onset of 
failure are used in the analysis, the restraining effects 
are also included automatically. 

The above reasoning is based on a consideration of 
geometric effects only. This is not necessarily the case 
when the effect of inelastic action is taken into account, 
as discussed in the following. Figure 4.17(a) shows the 
moment-rotation curves for an inelastic column subjected to 
a given axial load N, and joint moments M_. The moment M 
is resisted by Mp and M,- Note that for an elastic column 
the moment-rotation relationship would be straight; the 
curve shown reflects inelastic action in the column. For 
the sake of discussion, the column is assumed to be 
symmetrically restrained and symmetrically loaded. 

As shown in Fig. 4.17(a) the maximum applied joint 
moment, Mimsy, Occurs when the internal end-moment of the 
column is equal to M,, which is less than the peak value 


M If the column were unrestrained and subjected to 


cmax - 
end-moments M,j, in general it would fail by instability at 
an axial load (Nj) different from Nj, as shown in lig); 


A.17 (ob). “CU In) order “forthe ‘column to fail ‘at Nj, 2t (shoutd 
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Fig. 4.17 Inelastic Columns 
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be subjected to end-moments Mumax:) The discrepancy occurs 
because the end-restraints allow the internal end-moments in 
the column to decrease after the maximum value Meas eee 
reached though the applied joint moments Mi bak eqs 
increasing (Fig. 4.17(a)), whereas a pin-ended column fails 
at the maximum values of the end-moments. As a result, in 
this case a restrained column with known end-moments at the 
onset of failure cannot be treated as a pin-ended column 
subjected to those end-moments. 

Figures 4.17(c) and (d) indicate cases where an 
inelastic column can still be treated like a pin-ended 
column if the internal end-moments at the onset of failure 
are known. In Fig. 4.17(c), the beam has yielded before the 
Selumn end=moment) Moameaches ther peakiwaluemMes. 0 In this 
case) the* maximum joints moment; >M, 75,7, occurs when M, is 


equal to M If this column were unrestrained and 


cmax°* 


subjected to M at both ends, it would also have the same 


cma x 
maximum axial load as the actual restrained column. In Fig. 
4.17(d), the maximum joint moment for the restrained 
inelastic column is reached at the material failure of the 
column. The corresponding end-moments M,,, when applied to 
a similar but unrestrained column, would also lead to the 
same maximum axial load provided the unrestrained column 
also collapsed by material failure. 

In the ACI design approach, the column is assumed to 


collapse by material failure (as mentioned earlier), thereby 


corresponding to Fig. 4.17(d). Following the above 
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reasoning and the assumptions made in Sect. 1.1 CHG sa yo 
Once the end-moments in the column have been obtained from a 
second-order elastic analysis (or other methods that take 
into account the geometric non-linearity) with appropriate 
effective EI values, the restrained reinforced concrete 
column can be designed as a pin-ended column using Ke, tel 0 
provided oN <%N, “.'Thisapproach is limited *to Nt< Neebécause 
a pin-ended column can never sustain a-load greater than Ne- 
The behavior of columns with N > N, has been discussed in 


Sect s+ 335 


(b) Work of Bijlaard et al. (1953) 

Bijlaard et al. (1953) extended the effective length 
method (Sect. 4.2), derived for elastic columns, to 
inelastic non-sway steel beam-columns with symmetrical 
elastic end-restraints and symmetrical joint moments, and 
proposed that a reduced EI for the column should be used to 
account for the inelastic effects in calculating the first- 
order end-moments and the effective length factor ky,- 
(Winter (1954) simplified further the method by suggesting 
that the grésshl, tather than (theaceducédi bi, ‘can be used, 
resulting in a conservative determination of end-moments and 
effective length factors in all cases for steel beam- 
columns.) The reduced EI was determined by assuming that a 
restrained column could be replaced by an equivalent pin- 
ended column with its length equal to the effective length 


of the real restrained column and subjected to the first- 
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order end-moments. The values of EI used in calculating the 
first-order end-moments and Kng were selected in such a way 
that the ultimate axial load of the equivalent pin-ended 
column was equal to the exact ultimate axial load of the 
actual restrained column. The study was largely empirical, 
and it does not offer a theoretical or rational basis for 
the use of the effective length factor in the ACI design 


approach. 


(c) Cranston's equation 

The effective length method has been shown in Sect. 4.2 
to be unconservative in many cases. On the other hand, 
Figs. 4.6 to 4.8 have shown that a small increase in the 
effective length factor can eliminate the unconservative 
errors inherent in the effective length method. As 
mentioned in Sect. 4.3.2, the effective length factor given 
by Cranston's equation (Eq. 4.26) is a conservative 
approximation for a single restrained column with restraint 
stiffness Kye poe and K, = get > aForokrs 220uiedthe 


ae 2 


effective length factor is overestimated by about 5% to 

20%. As a result, the values of k,, obtained from 
Cranston's equation, when used in the ACI equation, should 
yield conservative results in most cases provided the term 
O.25a, has also been included. Although Cranston's 
equation may appear too conservative in some cases, this 
conservatism appears to be justified when applied to columns 


in a multistorey frame, as discussed in the next section. 
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The limit of C, > 0.4 (in terms of ro) is also required 
for restrained columns since unwrapping can occur near 
failure (Sect. 3.3, MacGregor and Barter, 1966), similar to 


the unwinding of a pin-ended column (Sect. 4.5.1). 


4.5.3 Multistorey frames 

For restrained columns in a multistorey frame, the 
assumption of constant end-restraints and further 
simplifying assumptions in determining the effective length 
factors are required in the ACI method. The relevant 
problems have been discussed in Sect. 4.3.2. In light of 
those problems plus the problems discussed in:the following 
paragraphs, the use of Cranston's equation (Eq. 4.26), which 
may tend to be too conservative for single restrained 
columns, appears to be justified when applied to restrained 
columns in a multistorey frame. 

In all the previous discussions, the use of the 
effective length factor in the ACI approach assumed that the 
beams maintain their assumed stiffness throughout the 
Yoading up to “the “instant of collapse of the restrained 
column. In order that the beam can be expected to behave 
this way, a designer needs to know the first-order column 
end-moments as well as the column ultimate end-moments. The 
ultimate end-moments, however, are unknown to the 
designer. Consequently, whether the beam can remain as 


stiff as assumed becomes uncertain. This situation is most 
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severe when the restraining beam is designed for moments 
which equilibrate the column moments, as may be the case for 
beams restraining the exterior columns in a frame or the 
columns in a single-storey frame. If in such a case the 
beam is designed to equilibrate the first-order end-moments 
of the columns, at the ultimate load a beam mechanism forms 
and the column end-moments remain equal to the first-order 
end-moments. In this case, the use Ofek us deOidis 
unconservative and the use of kia soe Ora spmorepreasonable . 

For interior columns in a multibay multistorey frame, 
the column is designed assuming the worst load pattern. The 
beam, however, is designed assuming full gravity dead load 
plus live load acting on the beam; or even more 
conservatively based on a moment-envelope required in the 
ACI Code (1977). Consequently, the beam so designed can be 
adapted to considerable amount of change in the column end- 
moments before the beam would form a mechanism. The reserve 
Of strength in=the beam may justify the use of ki. < 1.0. 

It has ‘been shown in Sect. 3.3 that when the axial load 
ratio N/N, is close to or greater than 1.0, the column end- 
moments may reverse the direction and therefore induce beam 
moments in the opposite direction to the first-order 
Values. Since this will not be accounted for in the design 
of beams, it seems advisable to safeguard against such an 
occurrence. Because axial loads as high as N, can only 
happen in a column with very strong restraints, it is 


reasonable to limit the effective length factor. The 


a | a 


otnenon sot benghaeh Bi maed’ gelakexteer 
yol senp ait of Year ase (aenemom retina Ss elle ae 
etd to Snel = ob Binnie: debut, ems . 

att #280 5. 2ue i RE «aan. yore ~elpake 
e2usiion-irie 1ahsor Fe Ree ste scsi be Par ‘Bangi awh al 
anrok mebnstioam teed: 6. heel asvsnitir eit ae eamales ® 
ebio~tenlt say eggs misnss 2 onc AE, 


st Ui t 2 Sin seo edd wae ekdé at = 87a 


2 

; / : - 

eidecoese< azom an Pek > & an 28 Seu ag Bae - 
i etm hes): ae 


ere tt yerouretis ive yeti sig 64 


aft .psedaeg Sé6ol 2st) ete: Poruiess Serpette: ae 


Rent fineh vitvere- five yeminness he ip eb ee: 
eXom deve mad: offs ae net bons bool 
sit ni Hetkh@ pes Sao leemeas isang % cS Soe; 


sd. nao bhaapicek, de ted orice . yisasvpesees. x 
-bns nourloo edt nh) spnet> Jo cehont, sitemaeen ars 
(raeey of. ptedtetetose s. nator poe naif arth s2oRed 
ah Poy, eee aris eiistaut yert made eee ee 
Bol fixe SAS ie dent €.6)-9ost ah anege Beeb eet egies 
-bos nutes. sad 0: i usds setdetp 7. ob eeaie ok», H\a | 
aeed 2oubtl Bigtatsii3 bre - ais ae mk afd ga teves ba 
sehbhonse si gifs ot nohtvevsh <2beeqgae ene it 2suemom. 
npikeb sd pi-xet betducoscs of jon: Diiw eee meee, -soulsy” 
is ‘forte, fentaps. Sisvpetse 6s Sitescvhe agieoe tk amped to . 
ylaa to .,~M eer ibin as 2bael jfeaga stueced. «200eTIWSI0— 
ai ai ,ainisites bootie yiev adie aieigos nionegqes a 
aft ..i9s5s2 tania avisostis oft 2imii od. eldsnossex 


rat, 


ie 


amplicit limit offkpey2o0 -7Rinucranstonis equation (Eq. 
4.26) seems reasonable. The normal range of Kyoaerom. 0.75 
to 0.95 suggested by the ACI Commentary (1977) indicates 
that an actual value of ky, < 0.7 should seldom be 


encountered in design. 


4.5.4 Concluding remarks 

The previous studies have described the rationale and 
problems behind the ACI method for restrained non-sway 
columns. The design procedure could be improved with 
respect to the geometric non-linearity if Eq. 4.20 were 


rewritten as follows: 


Ge 0.25a_.) 


§ Sg i ot lO (4.27) 
ns m l1-a 
ns 
where 
Max 
Os ~ M 
02 
Be Nis 
os =? N 
ns 
N ES n°EI 
ns (k Pye 
ns 


The term C, is given in Eq. 4.20 including the lower limit 


Ofy0 “oocand kee is given by Cranston's equation (Eq. 4.26). 
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5. BEHAVIOR OF ELASTIC SWAY FRAMES 


5.1 Geometric effects 

Figure 5.1(a) shows a column, which can be any column 
in a frame, subjected to internal forces acting at the 
ends. A straight line joining the ends of the column will 
form an angle equal to a/L with respect to the vertical. 
The symbols are defined in the figure. The axial load N may 
be replaced with its horizontal and inclined components 
(Fig. 5.1(b)). The first of these is equal to Nea/L, the 
second one acts parallel to the line joining the ends of the 
column and, assuming small deformations, is equal to N. 
Consequently, the total shear acting at the end of the 
column is the sum of the original end-shear V resisting the 
external lateral loads and the N-a shear (Na/L) resulting 
from the moments induced by N acting through the deflection 
a. This is the system to be considered in this chapter for 
the sake of understanding the geometric effects. 

Accordingly, the geometric effects due to the axial 
load can be decomposed into two types as shown in Fig. 
B.1(c). First are effects due to the N-a shear which are 
termed the N-a effects. The N-a shear produces an 
overturning moment in the direction of lateral displacement, 
and therefore it tends to increase the lateral displacement. 
The second type of geometric effects occurs due to secondary 
moments produced by N times the displacements from the chord 


line. These will be termed the C and S effects because the 
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Fig. 5.1 Geometric effects due to axial loads 
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axial load N acting in this way changes the C and S values 
in the slope-deflection equation (Eq. 2.3). In effect, the 
values of C and S take into account the additional bending 
moments within a column contributed by the axial load (the 
inclined load N in this case). The geometric effects in 
this respect have been discussed in Sect. 3.1. The N-a 
effects take into account the additional moments at the ends 
of the column contributed by the vertical axial load. Ina 
first-order analysis, both of these effects are neglected. 
An analysis including these two types of effects is called 
an exact second-order analysis (Sect. 2.3). 

The two types of effects shown in Fig. 5.1(c) are 
interrelated. The C and S effects have been studied in 
detail in Chapter 3, where it was shown that the end- 
rotational stiffness of a column is a function of the axial 
load, and therefore the lateral stiffness is also affected 
by the axial load. The N-a shear increases the lateral 
deflection which is also a function of the column lateral 
stiffness. 

The above relationships can be better understood by 
considering a storey in a multistorey frame. The total 
shear in that storey is the sum of the original storey 
shears due to the lateral loads plus the sum of N-a shears 
from each column. The total shear is distributed to each 
column in proportion to the relative lateral stiffnesses 
including the C and S effects. The moment at the end of a 


column in that storey is a function of the end-shear that is 
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distributed to that column and the end-rotational stiffness 
of that end relative to the other end, also including the C 
and S effects. Note that, in the final solution, the N-a 
shears should be compatible with the lateral displacement. 
In the case that the frame reaches elastic failure the N-a 
shears cannot attain equilibrium with the deflection, which 
therefore increases indefinitely (in small deflection 
theory). 

To sum up, the axial load effects relative to the 
first-order effects occurring in a storey cause: (a) an 
increase in the overturning moment and the lateral 
deflection due to the N-a effects, and (b) cause a 
redistribution of the total shears (lateral load shears plus 
N-a shears) and column end-moments according to the changing 
stiffnesses of individual columns due to the C and S 
effects. Because of moment equilibrium at any joint, the 
end-moments of the beams connected to the joint are also 


changed accordingly. 


5.2 Single-storey frames 
5.2.1 An example frame 

The mechanical behavior of geometric non-linearity 
discussed in Section 5.1 can be illustrated using a simple 
single-storey frame subjected to lateral and vertical loads 
(Fig. 5.2(a)). It is assumed that the axial load in a 
column is equal to the vertical load above it, the beam is 


rigid, and the stiffness parameter EI is constant for all 
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the columns. The first-order lateral stiffness is therefore 
equal for all the columns. In the absence of vertical 
loads, i.e., first-order effects only, a lateral load H = 
4*Vo peeduees a shear of Vo in each of the columns, and the 
frame undergoes a lateral deflection a@g as shown in Fig. 
5.2(b). The end-moment Mp is equal in all the columns. 


To study the N-a effects alone, the C and S effects are 


first neglected (i.e., C = 4 and § 2 in the analysis). 

The vertical loads are replaced by a horizontal force equal 
to the sum of N-a shears from all the columns, as shown in 
Big.mO<2c)-.) With) this sadditional. force;,the: swaysofethe 
frame is increased to a = rte ao: Since the lateral 
stiffness of each column remains unaffected, the shear 
resisting the total horizontal forces in each column becomes 
and the end-moment in each column is also equal to 
ESM : 


column, as presented in Fig. 5.2(b), can be obtained by 


The shear resisting the lateral load H in each 


subtracting the N-a shear for that particular column from 


thertotalk shear fay As the N-a shear is different for 


0° 
each column, the lateral load shears have been 
redistributed, compared to the first-order shears in Fig. 
5.2(b). Since the total shear 3M, in each column is the 
same, the capacity of a column to resist the lateral load 
becomes diminished with a higher axial load. 

When the C and S effects are incorporated in the 


analysis, i.e., an exact analysis, the sway of the frame is 


increased further to a = f5ag because the lateral 
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stiffnesses of those columns subjected to axial loads are 
reduced to the values shown in Fig. 5.2(d). The stiffness 
reduction increases with higher axial loads. Since the 
total horizontal forces are resisted by the columns in 
proportion to their relative lateral stiffnesses, the total 
shear in each column is different. The shear in the column 
without any axial load is equal to £,Vo., whereas the total 
shear in each of the axially loaded columns is less than 
£3Vg- The weakest column (i.e. the most highly loaded 
column) resists the least amount of shear. Similarly, the 
end-moment is equal to £,Mg for the column which is not 
axially loaded, and smaller for the others. The moment 
diagrams for the axially loaded columns are non-linear due 
to the C and S effects, compared to the linear moment 
distribution which results if only the N-a term is 
considered (Fig. 5.2(c)). In the most highly loaded column, 
the maximum moment occurs away from the end. 

The lateral load shear in each column is also presented 
in Fig. 5.2(d). As stated earlier, the reduced stiffness of 
the axially loaded columns reduces their ability to resist 
the lateral loads. Consequently, more lateral load shear is 
added to the stronger columns. In fact, the columns with 
vertical loads equal to 1.0 N, and 1.2 N, would have failed, 
had they been free to sway independently of the other 
columns. However, elastic failure of these columns is 
prevented since all columns must undergo an equal lateral 


displacement a. In this process the lateral load shear in 
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the weaker columns will be redistributed to the stronger 
columns (Figs. 5.2(c) and (d)). For the column with a 
vertical load of N,, the column does not offer any 
resistance to the lateral load, because N, is equal to the 
free-to-sway critical load of ‘that column .« Forse thes column 
with a vertical load greater than Noi the lateral load» shear 
has reversed direction, indicating that a negative shear is 
required to} bracettito fromfailling lateral lyse mel les Landgand 
MacGregor (1982) have defined two types of columns: 
"supporting sway columns' which contribute to resisting 
lateral loads and to bracing other columns, and 'supported 
sway columns’ which need lateral support from the frame in 
order not to fail sideways. 

The length of the above discussion for the simple 
structure in Fig. 5.2(a) reflects the complexity of the 
geometric effects. This arises primarily from the C and S 
effects which not only reduce the lateral stiffness of the 
whole frame, but also cause a redistribution of the moments 
and the total shears (the lateral load shears plus the N-a 


shearnss. iifhieinexts section. cwi lL. lekeaborate: omethe, latter 


phenomenon. 


5.2.2 Individual column behavior 

To study the moment and shear response of a column te 
frame to the axial loads, the following simple method is 
used. The method employed originated from the work of 


Hellesland and MacGregor (1982). 
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A general frame subjected to vertical and lateral loads 
is shown in Fig. 5.3(a). Under the combined action of these 
loads, it undergoes a total displacement of a = fee, wieve 
ap is the first-order deflection caused by H and io S the 
‘deflection magnifier'. The frame can be assumed to reach 
equilibrium in the deflected shape in two stages. First, 
the frame is displaced laterally a = foag in the sbsencevor 
vertical loads (strictly speaking, in the absence of column 
axteleforces) as “Shown in Fig. 5.3(b). @A force R is 
Required at the bracing point to hold ‘the structure "in this 
position. The moments and shears in a typical column 
gnerease ¢rom the) values Mj and Vo due to H/to £2M, /and. ELVG 
due to H + R, as shown by the moment diagram in Fig. 
5.2(b)m Themtotal (Shear in all the columns” equals £.H which 
is €quivalent to H+ R. In the second stage,| the’ vertical 
loads P; to Py are applied to the structure held in the 
deflected position, as shown in Fig. 5.3(c). PAs the 
vertical loads are applied, the force R decreases to zero so 
that the final load effects in the Fig. 5.3(c) are identical 
to those in the frame in Fig. 5.3(a). The shears and 


moments in a typical column become: 


f£, Vo (51) 
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Fig. 5.3 A non-sway frame with imposed lateral deformation 


iL 
ane 6 
. 


j ¥ q — y ( 
i ” 
i 4 ' hi y ; 
J ye 7 
i. Pe eee >. Ponca — « S . > ' 
| — © ) > ; 


hee ee 


=x ona Nee A 
. | Ae 
eet, 
_ “ 
’ ) 
8) a 
Ph aL 
Win 38 


noltsroteh Ievalal bSecgenl die 


- 


123 


Mmax = Bmax fg Mo2 (5.4) 


where Mo9 is the numerically larger of the first-order end- 
moments in the column. As shown in Fig. 5.3(c), the bending 
moment distribution becomes non-linear and Mnax may occur 
between the ends of the column. 

The deflection magnifier f, = a/ag is equal for all 
columns in the frame. The values of By BraeBoeandwha. + LOX 
a particular column, in general different from those for 
other columns, reflect the changes induced by the vertical 
loads for a given constant end-displacement a. For a column 
which is not axially loaded, all the B values equal 1.0. 
Note thateif jthe.@ and S»,eftfects,are eneghected 5B), Bogand 
Baril baalsopbe pequajatogl:0 cq If athe platerahs,load ssheansy 
in Eq. 5.1 is replaced by the total shear (lateral load 
shear plus the N-a shear), B,, will also be equal to 1.0 when 
C and S effects are neglected (Fig. 5.2(c)). It can be seen 
that the redistribution of moments and shears due to the C 
and. Si.effects «(the .change stromsFig. }51.3(b)-.to Fig. -5.34c)) 
is reflected by the coefficients B, through B,.. 

The product of the terms B and f, quantifies the 
geometric effects for the moments and shear in a particular 
column. It has been shown in Sect. 5.2.1 that the lateral 
deflection increased by the vertical loads is a function of 
the total vertical load and the lateral stiffness of the 
frame. The structure shown in Fig. 5.2 has demonstrated 


sufficiently the factors concerned. Henceforth, the 
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emphasis will be to examine the significance of the B 
coefficients, and the laterally deformed non-sway frame in 
Fig. 5Sk3(G) ewilieberstudied? 

It is assumed that the end-rotational restraints of the 
columns remain unaffected by the geometric action. In other 
words, it is assumed that the inflection points in the beams 
remain stationary during loading. If this is done, a column 
in the deformed non-sway frame can be represented by a 
Single non-sway column with known constant end-restraints 
and an imposed end-displacement a, as shown in Fig. 5.3(d). 
(The assumption of constant end-restraints will be discussed 
later.) The B values determined for the single column are 
only a function of the end-restraints and the axial load 
level. As a result, Eqs. 5.1 to 5.4 reflect that the shears 
and moments in an individual column are a function of both 
the behavior of the frame as a whole, as implied by f,, and 
the behavior of the column itself, as implied by B. 

In fact, the moments in the laterally deformed non-sway 
column shown in Fig. 5.3(d) behave identically to those in 
the non-sway column subjected to external joint moments 
studied in Chapter 3, provided the end-restraints and the 
first-order gradient rp are identical in both cases. By 
noting this restriction, the results and discussion in 
Chapter 3 can also be applied here for the B coefficients 
with the first-order end-moment Mg in Chapter 3 being 


replaced by»f£,.Mp- Two particular cases are presented in the 
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following paragraphs to illustrate the effect of the B 
coefficients. 

The B values determined for the single column shown in 
Fig. 5.3(d) are plotted as a function of the axial load in 
Fig. 5.4. This column has relatively flexible and unequal 
end-restraints, ¢, = 6 at end 1 and bo = 2.) (Thevterm ¢ is 
defined in Fig. 5.3(d).) The dashed line shows that the 
coefficient B,, decreases with increasing axial load in order 
to maintain the displacement £5402.) IC decreases to zero, and 
thereafter becomes negative. Zero lateral load shear is the 
failure criterion for an elastic column that is free to 
Sway. Negative values of B, mean that the shear must change 
direction to support the column in the displaced position. 
The required negative lateral load shear must be provided by 
the rest of the structure to maintain the equilibrium of the 
column as well as the whole frame. In short, when B, is 
positive, the column is a supporting sway column (as defined 
previously), and when By 2s negative, the column is a 
supported sway column. 

The coefficient B, for the moment at the end with the 
more flexible restraint initially remains quite stationary 
with increasing axial load, although it finally increases 
indefinitely as the non-sway critical load is approached. 
ahe -coecrficient B5, however, decreases continuously as the 
load level increases. At a certain load level, Bg changes 
direction and finally approaches infinity in the new 


direction at the non-sway critical load. The coefficient 
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Fig. 5.4 Variation in B values with axial loads for a 
column with flexible restraints 
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Bnax for the maximum moment in the column initially equals 
Bo9, i.e., the maximum moment occurs at the end. Ata 
certain load level, Bnax becomes greater than B> and later 
rises as the axial load increases further. This occurs when 
the maximum moment moves away from the end of the column. 
This, however, happens after the column has become a 
supported sway column (Hellesland and MacGregor, 1982). At 
a rather high axial load, By, even exceeds 1.0. The 
bending moment diagrams corresponding to different load 
levels are similar to those shown in Figs. 3.7(b) and (c) 
except thatyM,j in’ Fig- 93.7 should besreplaced by faMo. 

Figure 5.4 has illustrated the case with initial 
moments Mo; and Mj5 which are quite, different, When the 
magnitudes of the two end-restraints are close, or when the 
more flexible restraint (44) is in fact considerably stiffer 
than the column, the initial moments are nearly equal. This 
is demonstrated in Fig. 5.5 by a column with stiffer 
restraints than in Fig. 5.4. Although the end-restraints 
are guite different, the initial moments are very close. 
Compared “to Fig. 5.4, thevvalue of B.., in Fig- 5-3 drops 
more severely before it increases. In addition, B, follows 
By quite closely until the non-sway eritical loade2c 
approached, when it reverses the trend and increases 
rapidly. 

In summary, the value of By is reduced by increasing 
axial load, and Byjsx is equal to Bz when the column is a 


supporting sway column. In the range of a supported sway 
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Fig. 5.5 Variation in B values with axial loads for a 
column with stiff restraints 
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column, Bnax may be greater than By or even greater than 
1.0, but for this to happen, the column must be able to 
sustain a very high axial load. For a column with flexible 
restraints, B, is quite insensitive to the axial loads 
except, at. high; load) levels... For.stiff restraints, B) is 
decreased by axial loads until rather high axial loads are 
reached. 

The validity for the assumption of constant end- 
restraints has been indirectly discussed for non-sway frames 
in Section 3.4. In particular, Fig. 3.12 is representative 
for this case since the beams of a laterally deformed non- 
Sway frame with rigid joints always bend into double 
curvatures. The observations from Fig. 3.12 are therefore 
applicable here. In other words, the assumption is 
reasonable even for a frame with mixed strong and weak 
columns except when the non-sway elastic failure load is 
approached. In the case of a particularly heavily axially 
loaded column (which must be sufficiently braced), the 
assumption of constant end-restraints will underestimate the 
change of the B values, as indicated by Fig. 3.12, but the 


trend is correctly estimated. 


5.3 Multi-storey frames 


The horizontal interaction between columns has been 
studied in the previous sections. An attempt is made in 
this section to illustrate the vertical interaction between 


columns due to the geometric action. In the same manner as 
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before, the N-a effects and the C and S effects are dealt 
with separately. 

The vertical interaction due to the N-a effects is 
explained with the aid of Fig. 5.6. A two-storey frame with 
a completely rigid beam connecting the two storeys is shown 
in Fig. 5.6(a). Only the bottom storey is loaded. It can 
be seen that the N-a effects are localized to the bottom 
Storey ana do not affect ‘the upper storey. “In Fig» 5.6(b) 
another extreme case is represented by a completely flexible 
beam (pin-ended) connecting the two storeys. Again, only 
the bottom storey is loaded, but in this case the N-a 
effects obviously increase the deformation in the upper 
storey. In fact, the N-a effects in the bottom storey are 
also affected by the lateral stiffness of the upper 
storey. If the top beam were made stiffer, for example, the 
deformation in the bottom storey would also be reduced. 
These effects suggest that the storeys tend to assist each 
other to resist the geometric effects. 

The observations made in Section 3.5 with regard to the 
C and S effects for non-sway frames are also applicable 
here. The variables involved are the stiffnesses of the 
beams that connect the storeys and the relative stiffness of 
the upper and lower columns. In Section 3.5 it was observed 
that when the beams are rigid, the C and S effects are 
localized, and when the beams are more flexible, the 
stronger columns tend to assist the weaker columns. This is 


the same observation made in Fig. 5.6 for the N-a effects. 


cant 4 
cs 


HEL 


risen ete etodtee @ Sue 5 et Boe 


ot agetae’ eat std oF 08 iocsasmval eee ae 
taiw seesy yoeetesoed BGO gat Be" pathos 
mwa es: aN tet Cee writ ehitsqnnes eed” 
aso +f +hsPeol ae = heap Peg eed aren 
im ad att ord ot taghigael 5 os stooge sa ae +ono 
(4)Q.2 phe at - eee fea aae Ingt%s 9 
Stvet? wleteiqnean « Vu BEF ee ® bas sgt aa ona 
Yirto \tepd -emshbllay dul 3h} thtsOnNeD, 
ee ne ae ee a 
ic 


as . a —— a fi y “? i, . 5 
“py St IL Teter rer s63 eee 


— 
on 
, 


bis yeeros moadod’ ah hi Stoetis 4 eth aie cape rat Ss 


b ii 
qa Sad Po geenoT ets Tevet ee ‘ye 


sie ,sfartate <02 ' WHtiae svea ete aoe prep oh 
wsubet Sf. cafe. bivew years ta aed Sint ile Ar aot 

Ayes seress o¢ bast aystete) aoe ject deepout > . 
Lasosit te, otatengeg toed sutesy 

e@a of Bbisget dyiw ¢.t pe tawae Pt obriet: ote tgarwsado | 
‘sideot figs Sale ate aansdh a to ‘edseats & 

ons Yo s6BeanaTice offs o+s bov Peers “ae ideale edt* 

lo Sesettite svideiss sit bay eyexose edz tosanon Jenft 
hevegpedh 26w 41 2.6 Aotsnee nl senewiee sewel Bais 198¢ 
gxviy 3468736 2 Sno >. oft ,beped eee eee aee waeeus 

ons .(stdinze!2 e1ton ote eased ont odste Beis 

ef aint § .diiwioo wWwilrew ‘andy dJebeqe ot bred ioe ocelall 
-O20etIe 2 alt 107 .5,..¢ . Ee ah’ stream saichacerrinns ae 


i 
, 


: rn 1 is 
ot — 
, 


— 


4 
ema 


ae 


first ne 
order 
Na Na \ first order 
cr ai + N-a effects 
seat joes 
| Ld 
a L y 
(a) rigid connecting beam (b) flexible connecting beam 


Fig. 5.6 Vertical interaction due to N-a effects 
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In summary, when the beams that connect the storeys are 
stiff, the geometric behavior in one storey is independent 
of the behavior in other storeys. However, when the beams 


are flexible, the storeys tend to interact with each other. 


5.4 Summary 

The geometric effects in a sway frame can be decomposed 
into two types: (a) the N-a effects which cause an increase 
in the lateral deflection and overturning moment in a 
storey, and (b) the C and S effects which reduce the lateral 
stiffness of a storey and cause a redistribution of end- 
moments and total shears (lateral load shears plus the N-a 
shears) in that storey. A single-storey frame has been used 
to illustrate these two types of effects. 

The geometric effects in an individual column ina 
Single-storey frame have been expressed as the product of a 
coefficient B and the deflection magnifier f, (Eqs. 5.1- 
5.4). The deflection magnifier f, = a/ag, constant for all 
columns in a single-storey frame, is a function of the total 
vertical load and the lateral stiffness of the frame. The 
coefficient B is primarily a function of N/N,, of a given 
column, reflecting the redistribution of end-moments or 
shear in that column due to the C and S effects. The 
properties of the B coefficients have been described. 

In a multistorey frame with stiff beams between 
storeys, the geometric effects in one storey will not 


influence other storeys. However, when the beams are 
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flexible, the storeys tend to interact with each other to 


resist the geometric effects. 
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6. APPROXIMATE SECOND-ORDER ANALYSIS OF ELASTIC SWAY 


FRAMES 


Various methods of approximate second-order analysis of 
elastic sway frames are reviewed in this chapter. Although 
most methods presented are based on the work of others, the 
derivations of the various methods presented in this chapter 
G@iffer in one way or another from the original presentation. 
In particular, all the necessary assumptions in each method 
are explicitly stated. In many cases this is not clearly 
done elsewhere. It is believed the presentation provides 
insight into the validity of different methods. Finally, 
most of the methods of analysis are improved, and extended 


to more general types of frames than originally intended. 


6.1 Iterative method 

This method of second-order analysis, often referred to 
as the P-Delta analysis, is the most well known. It will be 
first developed for frames consisting of only vertical and 
horizontal members, where all the columns in the same storey 
are of equal height. It is then extended to a frame with 
different column heights in the bottom storey. Finally it 
is also extended to a frame with inclined bracing elements 
in any storey. 

As mentioned in Chapter 5, the first-order analysis 
neglects the N-a and the C and S effects. The iterative 


method modifies the first-order analysis to include the N-a 
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effects but neglects the C and S effects. According to Fig . 
5-1, an equivalent shear Mea/L is added at the end of each 
column to represent the N-a effects. For a storey with 
identical column heights, the total additional storey shears 
become (IN)*a/L. The symbols L and a are the storey height 
and the relative storey deflection (the deflection of the 
top of the storey relative to the bottom of the storey), 
respectively. The summation term IN is the sum of the 
column axial loads in that storey. To produce the required 
N-a shears (IN)*a/L in each storey of a multistorey frame, 
fictitious lateral loads, commonly called sway forces, are 
added to the lateral loads. The sway force at a given floor 
level is equal to the algebraic sum of the N-a shears from 
the columns above and below the floor, as shown in Fig. 
6.1. The frame subjected to the lateral loads and the sway 
forces is then analyzed according to the first-order theory. 
Since the lateral deflections are not known in advance, 
the deflections from the analysis without the sway forces 
(first-order deflections) are used as starting values. The 
analysis is then iterated until convergence is achieved. 
Generally one or two cycles of iteration are adequate for 
frames of practical stiffnesses. It should be noted that 
the analysis using the sway forces gives a column shear 
equal to the sum of lateral load shear plus the N-a shear. 
The lateral load shear in a column can be obtained by 


subtracting the N-a shear of that column from the total 


Shear, as illustrated in Sect. Sry) te 
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Fig. 6.1 Sway Forces in Iterative Method 
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The procedure of the iterative analysis has been 
presented by Iffland (1972) and Adams(1972). The 
application of this method to the design of steel frames has 
been studied by Springfield and Adams (1972), Wood, Beaulieu 
and Adams (1976a), and Wood (1978a). This method is also 
recommended in the Canadian Code for steel design (CSA, 
1974). MacGregor and Hage (1977) and Furlong (1979) also 
suggested the use of this method for the design and analysis 
of reinforced concrete frames. 

In the case of a frame with different column heights in 
the bottom storey (Fig. 6.2(a)) or a single-storey frame of 
unequal column heights, as often occur in bridges (Fig. 
6.2(b)), the iterative method can also be used with some 
modification. Since the N-a shear for each column is equal 
to Na/L, with different column heights in the bottom storey, 
the sum of N-a shears in the bottom storey becomes (ZN/L)ea. 
Because the axial load N in a given column should not differ 
significantly from the first-order axial load Np which is 
obtained from the first-order analysis of the frame 
subjected to both gravity and lateral loads, it is 
reasonable to assume N equal to Nog to simplify the 
calculation. Corrections, however, can be made successively 
during the iterative analysis, if found necessary. 

In the case that a frame includes inclined bracing 
members, which are assumed pin-ended, the same methodology 
can be used, as shown schematically in Fig. 6.3. It can be 


seen that the 'N-a' shear for the inclined member is also 
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(a) 


(b) 


Fig. 6.2 A frame with different column heights in the 
bottom storey 
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(F sin®)- += N-a shear 


deformed 
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member 


Note: End-shears are not shown 


Fig. 6.3 N-a shear of an inclined bracing member 
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equal to Nea/L, but N is redefined as the vertical force 
component of the axial force in the member and L the 
vertical projection of the member length. (Note that N is 
positive for compression in the bracing member.) When the 
entire storey is considered, it can be seen that IN is 
generally defined as the total vertical load in a storey 
regardless of the existance of any inclined bracing 
elements. The exception occurs for a storey of unequal 
column heights with or without inclined bracing members. 
Here the value of N must be known for each member, and it 
can be reasonably assumed to be equal to No, as mentioned 


before. 


6.2 Modified iterative method 

Section 5.2.1 has shown that neglecting the C and S 
effects will result in underestimating the lateral 
deflections. The sum of column end-moments in a storey and 
the bracing forces for the bracing members (if any) obtained 
from the iterative method are also underestimated. In other 
words, the method is unconservative. A modified iterative 
method which is more accurate than the iterative method 
described in Sect. 6.1 is presented in this section. In 


subsequent discussions the iterative method will not be 


considered any more. As before, the modified iterative 


method is first developed for regular rectangular 
multistorey frames before it is extended to those frames 


with unequal column heights in the bottom storey. Finally, 
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it is also extended to a frame with inclined bracing members 


in any of the storeys. 


6.2.1 The method 

Figure 6.4(a) shows a rectangular multistorey frame 
subjected to lateral loads H and vertical loads P at the 
joints. Figure 6.4(b) shows the same frame subjected to the 
same lateral loads H plus the sway forces H,, which together 
produce the same lateral deflections as occur under the 
actual loading shown in Fig. 6.4(a). The total potential 
energy in the two systems will be examined in the following, 
restricting the consideration to the strain energy due to 
the bending moments and the potential energy of the lateral 
loads and the column axial forces. 

The total potential energy ie of the system in Fig. 
6.4(a) is equal to the sum of the strain energy U, and the 


potential energy of the lateral and vertical loads: 


Toe eye 5 (EV),a, - 2 ( 2 Nie5)5 (Gry 
=] i=l j=l 

where m denotes the total number of columns in any storey i, 
and n is the total number of storeys. The term (ZV); 
represents the sum of lateral load shears in storey i, N5 is 
the axial compressive force in column j in storey i, and e; 
is the amount by which the upper end of column j descends 


relative to the lower end due to the flexural shortening of 
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(a) (b) 


Deformed shape due to Deformed shape due to 
lateral and vertical loads lateral loads plus sway forces 


6.4 Assumption in the modified iterative method 


: me = sal 
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column j. Note that the last term in the above equation 
results from the consideration of geometric effects. 
Estimates of e are obtained by considering the 


deflected shape of the columns. It is written in the form: 
e=ye CGE) 


where e, is the vertical displacement of a rigid column or a 
pin-ended column due to the rigid body rotation of the 
eolumn length (Fig. 6.5(a)). The term yVis=referred to as 
the flexibility factor because it accounts for the actual 
curved deflected shape of a column, i.e.,\ the flexibility of 
the column (Fig. 6.5(b)). The factor ranges from 1.0 to 
1.22 and will be examined in the next section. The factor 


e, can be obtained from simple trigonometry, and e can also 


r: 


be written as: 
e = 0.5 > Y; (Gr3) 


which is then substituted into Eq. 6.l. 
For the system shown in Fig. 6.4(b), the total 
potential energy II, is equal to the sum of the strain energy 


U, and the potential energy of the lateral loads H and the 


Sway forces H,: 


(6.4) 
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Fig. 6.5 Vertical displacement of column distortion 


og: EN ener 


145 


where A; is the horizontal displacement of floor i from the 


original position. An alternative form of the equation is: 


(ZV), oy 


: LEV Dy a. (6.5) 


Ali 


ius 


i 


where (ZV), is the sum of storey shears in storey i due to 
lateral loads H, and therefore identical with the term (ZV), 
iiebdwi. oO .1....The.term (ZV. ). is the sum of storey shears in 
storey i due to the sway forces Hat 

It is assumed that the deformed shape in both systems 
is equal, and as a result Uapespequal,.t0,Uy,.. ,pAccordings 0 
the principle of minimum total potential energy (i.e., 
él. = O and 6m, = 0).and: equatingys both, Eqsu,6.dnandso.> 
after performing the differentiation, the sway shear (ZV) 
is obtained: 

a. 
(eMene fey (SYN) ge (6 .6) 
i 

which differs from the former N-a shears by introducing the 
flexibility factor. ~(Note that, the .subscript j is discarded 
in the above equation for simplicity.) The sway shear 
defined by the above equation is termed the modified N-a 
shear. The sway force becomes the algebraic sum of the 
modified N-a shears from the columns above and below, and 
The method 


the analysis is iterative as discussed before. 


based on the modified N-a shears is referred to as the 


modified iterative method. The column axial force N in 
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Eq. 6.6 can be reasonably assumed equal to No to simplify 
the calculation. This will not introduce any significant 
errors since the summation sign will offset the errors. 
Here, as in the conventional iterative method, the lateral 
load shear in a column is obtained by subtracting the 
modified N-a shear of that column from the shear obtained 
from the analysis. 

The introduction of the flexibility factor into the 
conventional N-a shears was suggested by Rubin (1973) (see 
also p. 248 of ECCS Mannual, 1976), but the derivation of 
the method and the assumptions involved were not shown in 
the paper. 

It will be shown in Sect. 6.2.3 that an average 
flexibility factor y for a storey or an entire frame may be 
used in order to considerably simplify the calculation. The 
modified N-a shear can be written as: 

ZV. = 7 (2N) = (6.7) 
and the value of =N for any storey can be easily obtained. 

The modified iterative method can be extended to a 
frame with different column heights in the bottom storey 
(Fig. 6.2). Following the same derivation as before except 
that the storey height L; in Eq. 6.3 is replaced by 


individual column heights Lj, the modified N-a shear in the 


bottom storey becomes: 
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eke ore (6.8) 


The method can also be extended to a frame including 
inclined bracing elements. First, the work due to the axial 
deformation of the bracing elements must be included. As 
demonstrated previously in Fig. 6.3, the axial force in the 
bracing member can be resolved into two components which are 
also shown in Fig. 6.6. The potential energy Vy “Of these 
two force components is equal to: 


2 
(Fesin 6) — (6.9) 


dole 


Pete ue (aecos 6) - 
where F is the axial force in the bracing member (positive 
for compression). The derivation of the above equation is 
obvious from the geometry shown in Fig. 6.6. The symbols 
are also defined in the figure. Note that when the member 
is inclined in the other direction, the same equation will 
result as long as the sign convention is followed. 

The first term in Eq. 6.9 is the potential energy due 
to the axial deformation of the member, and in effect is the 
potential energy of the horizontal component of the member 
axial force. Since the term (ZV), in. Equa G1 sOrel6-5 are 
defined as the sum of lateral load shears in storey i, l.e., 
equal to z Hos the potential energy of this type of load 


1 . . . . 
effects for all bracing members in storey i will be included 


automatically. 
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Fig. 6.6 The potential energy in a deformed bracing member 
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The second term in Eq. 6.9 results from the 
consideration of geometric effects. The potential energy of 
this type of load effects will also be included in Eq-.=o:..L 
(after Eq. 6.3 has been substituted) if the term N includes 
the vertical component of the axial force F, L is the 
vertical projection of the member length, and y is equal to 
1.0 for the bracing member. 

Consequently, the modified interative method is also 
applicable for a frame with inclined bracing members in any 
storey by noting the definition of the terms N and L, and 
using y equal to 1.0 for those members. 

In deriving the modified iterative method, the deformed 
shape of the frame is assumed equal to that produced by 
horizontal *ioads*(Pig.6.4)2- It. follows*that the prediction 
of storey deflections from this method would be as accurate 
as the assumption itself. In other words, when there is 
only a small error in the assumption (as is generally the 
case), the errors in the computed storey deflections are 
elsotsmalt’. "On the tother hand, this may not be the case for 
the bending moments in the columns. Because the bending 
moment at any section of the column is a function of the 
second derivative of the deflection curve (M = Ely"), the 
moments are relatively sensitive to any error in the 
assumption of the deflected shape. As a result, the column 


end-moments from the modified iterative method may not be as 


accurate as the deflections. 
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The above phenomenon can be better understood by 
explaining the physical significance of introducing the 
flexibility factor into the N-a shears. As discussed in 
Chapter 5, the C and S effects produce two consequences: 
further increasing the lateral deflections, and 
redistributing the total shears or the storey moments. The 
former is artificially looked after by the introduction of 
the flexibility factor. (Note that y = 1.0 if C and S 
effects were neglected.) The latter, however, is not 
directly taken into account and is a source of possible 
errors in the moments. These will be dealt with in Sect. 
6.8. On the other hand the flexibility factor can serve the 
intent as stated above, provided the basic assumption that 
the deflected shape under lateral and gravity loads can be 
represented by the deflected shape due to lateral loads plus 
sway forces is reasonably valid. The validity of this basic 


assumption will be examined in Sect. 7.2.1. 


6.2.2 Flexibility factor 

In Fig. 6.5 the vertical displacement of a bent column 
is related to that of a rigid column by the flexibility 
factor y. This factor accounts for the effects of bending 
between the ends of the column. 

Thee] owerollimitecon ‘the flexibility *factor™is’ 20 if the 


column remains straight, as shown in Fig. 6.5(a). The upper 


limit is derived in the following. If the basic assumption 


in the modified iterative method that the deflected shape of 
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a frame under vertical and lateral loads can be represented 
by the deflected shape produced by horizontal loads only 
(i.e., first-order deflected shape) is followed, a column is 
most deflected or the vertical displacement e is maximum 
when the attached beams are completely rigid, as shown in 
Balers On 7 (a). 

If a first-order deflected shape is assumed for the 
column, the flexibility factor is the ratio Of e)) in fig. 
Gerla) to Creel ge 65(a) or 1.20% Ifia sinevcurve ie 
assumed for the column corresponding to the deflected shape 
Of a column when the axial load is equal to No ene 
flexibility factor becomes 1.2337. The two values differ 
only by 2.7%, indicating the similarity of the two deflected 
shapes. Therefore, the flexibility factor is assumed to 
Vary from 1.0 to 1.22 which is the average of the above two 
values. It is emphasized here that the upper limit as well 
as the formulae developed later are effective only within 
the bounds of the validity of the assumption behind the 
modified iterative method. 

In the case of a supported sway column (Sect. 5.2), 
which may deflect in a mode as shown in Fig. 6.7(b), the 
value of e may be larger than the rigid-beam case. This 
case, however, is outside the assumption behind the modified 
iterative method since this 'supported-sway' mode is 
considerably different from the first-order deflected 
shape. Therefore, it will not be discussed in determining 


the flexibility factor, but it will be studied in Sect. 
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7.2.1 to examine the bounds of the validity of this 
assumption. 

A general expression for the flexibility factor is 
derived in the following by assuming a first-order deflected 


shape for the column. The deflection is therefore given by: 
see a aiete (6-20) 


The symbols are defined in Fig. 6.8. The vertical 


displacement e can be found by (Timoshenko and Gere, 1961): 


e= 5 J ($¥) dx Cie) 


(Gace) 


where e, is equal to 0.5 ac/i (Fig. 6.5(a)). Hence from 


Bocce 6-10,. 6.11 and ©.12, y (can be expressed as: 


y= 1 +455 (= ) [4 (mM, - My) + MM] (6 213) 


oO 


The above formula is the same as the one given by Rubin 


(1973) (see also Massonnet, 1978). 
Since M and a in Eq. 6.13 are the final results of the 


modified iterative analysis, the calculation of y based on 


Eq. 6.13 becomes also iterative. By making the following 
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assumption: 


Mea MI in (6.14) 


Eq- 6.13 can be rewritten as: 


eet a0 (Sy) [4 (M,, - M 


(615) 
which can be readily obtained from the results of a first- 
order analysis. Because of the small range of variation in 
the flexibility factor, the assumption given by Eq. 6.14 is 
considered reasonable. Note that this assumption is exact 
for a single storey frame subjected to a lateral load plus 
the sway force. 

Based on Eq. 6.15, the flexibility factor can also be 
more conveniently expressed as a function of end-restraints 
with the aid of the assumptions that (a) the end-rotational 
beam stiffness is equal to 6°EI,/L,, and (b) the column end- 
moments at the joints are distributed between the column 
above and the column below in the ratio of the EI/L values 
of the two columns. These assumptions will be discussed 
later and they will be considered reasonable as far as the 
flexibility factor is concerned. As a result of these 
assumptions, any storey can be separated from the frame and 
the end-rotational restraints of any column in the storey 
will become a function of G, and Gg as shown in Fra. 


6.9(b). The stiffness ratio G, at one end of the column is 
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Dy, 


defined by: 


ye EI a (6 .16) 


where © denotes summation of columns or beams Kigidly 
connected to the joint, and similarly for Gy at the other 
end. For a given end-displacement ag (Fig. 6.9(b)), the 
end-moments Mo, and Mo5 Can be calculated as a function of 
Gj and Ga. The expressions of Mo) and Mop are substituted 
into Eq. 6.15. After ag and other terms are cancelled out, 
the flexibility factor becomes: 


Z 


Flot OD, (6.17) 


[ (6, +2)(G,+2) - 1] 
which can be assessed directly from the properties of the 
frame. 

The upper limit of y given by Eq. 6.17 is 1.20 when G) 
SeGonn 0 (rigid beams) or G] =» (hinged) and Go = 0. The 
same.limits.are implied by Eq..6.15., To .increase the »upper 
limit to the value of 1.22 obtained previously, the factor 


Oe oeinwng,.6 «17 sis, changed, to 0.22, ,that is, 


2 
“+ (G,-Go) + (G,+3)(G,+3) 


y = 1+ 0.22 {————*—_______,.— (6.18) 


[(G,+2)(Go+2) - ff 


If the columnn is hinged at both ends (G) = Gg = @), either 


Eq. 6.17 or 6.18 gives y = 1.0. For the special case of a 


column with equal end-restraints (G, = G2 = G), Eq. 6416; (86 
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simplified: 


Z (6.29) 


For a column restrained at one end and hinged at the other 


end (Gy =o): 


aa | (6.20) 
(1 + 54) 


The flexibility factor can also be determined from the 
following method. In adddition to the previous assumptions, 
it is assumed that the axial force in a column is equal to 
Bese tree-tO-sway critical load Neg.) As indicated ear lWereain 
this section, the flexibility factor is quite independent of 
the axial force in the column. Therefore, this assumption 
is only for the sake of obtaining a means to determine the 
flexibility factor, and the solution should not be 
restricted to this assumption. For an isolated storey 
(according to the previous assumptions) subjected to the 
lateral load shears plus the modified N-a shears, the shear 
in a column is equal to (a/a9)*Vg where Vp is the first- 
order shear of the column. When a column is sustaining its 
free-to-sway critical load N¢,, the lateral load shear of 


that column must be equal to zero. Therefore, the following 


relation ‘results: 
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which can be simplified to: 


Vo L 
= oo (622) 


For given values of G; and Gy, the relationship between Vo 


and ag (Fig. 6.9(b)) can be obtained from a first-order 


analysis. Hence, Eq. 6.22 can be expressed as: 
Vom eae 2 : a ee 3 UG: 220 
As oee 1 Ps 
where kr, is the effective length factor defined by: 
2 
Ne = 455 (6.24) 
ie) 
fs 


The value of ke, is only a function of G, and Gy, and can be 
obtained from the conventional effective length factor 
alignment chart which is available in many textbooks or 
commentaries to the design codes. 

LeMessurier (1977) also developed Eq. 6.23 in yet 
another way. He presented a chart for the values of (y - 1) 
as a function of G; and Gj. The values of y given by Eq. 
6.23 ranges from 1.0 to 1.22, the same range as given by Eq. 
6.18. The comparison of the y values given by Eq. 6.18 with 
those given by Eq. 6.23 (with the aid of LeMessurier's 
chart) shows the difference is never greater than 0.5%. 

Prior to LeMessurier, Hellesland in 1976 developed a 


graph of y as a function of end-restraints based on Eq. G.22 
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with additional simplifying assumptions in calculating Ne,. 
The values of y obtained from Hellesland's chart are close 
to those from LeMessurier's (1977). 

Hellesland and MacGregor (1982) also suggest the 


following equation: 


0.108 [1 + (1 - 0.5 @)3] 


ie te ipoiee Balle g 5 (6 2259) 

(1 + 0.5 G_) 

cS 
where the power p = 1 for G, < 2 and p = -1 for Gy > 24 eine 
terms Gy and G.. refer to the larger and smaller values of.G, 


respectively. Equation 6.25 is an empirical approximation 
for the values of yugvern eby "EG. 6.23. The errors “in 

Eq. 6.25 are at most -2.5% when compared to the exact values 
given by Eq. 6.23. The different expressions for the 
flexibility factor are summarized in Table 6.1. 

The above formulae of the flexibility factor as a 
function of °G; and G5 ‘are based on the two assumptions 
mentioned previously. The assumption of mid-span inflection 
points is reasonable for beams with both ends rigidly 
connected to columns which undergo similar deformations. In 
the case that the far end of a beam that is rigidly 
connected to the column under consideration is hinged, the 
beam length should be multiplied by 2 when calculating the 
corresponding value of G before substituting into the 
equation. For a beam with far end fixed against rotation, 


the beam length should be multiplied by 1.5. 


3% eniceivales ad sacteqmass 
sacio ass sts a PnsizeT ie mz bain tasee, y 3220 
(FNL) 2° s sted 

ode saopgue cafe (98€L) sopeTdbeh bas Be 


is i: = ow 


, ~ 


| Lees, Pe 7 
war 6S «Cp tet ES = ee De 2+ Qa 
2 to asulsv stelishe fire isptel ea seal wie 3° tas y 

19 Hoaelso ines Lethe tees. 1d ot dea nol smape” > 

| dh ent off |. 86:9 ogi ad-neinkg: ® to eovisy aft 
etuiee sasxo off of Betegne> .1 wate 22,5 NER Re 
16% -anoks godGy go) 2 coageaer te eat ~ Pras a wa 
fed Site 2opie sea o2e rd 

5 ee totosh CaP ivieatt acids he oe feito BOR evades orf 
snot sowers awe odd go. tedat oie 2 ‘bas ye Ie n 
isos iIns nega-bsn Ae hot aytteBee ‘oni \ 1 (eaeoivesg 
(ihipts &6na edd ratte, “hia jot siteromen eh x 

dv .cn@hd amtotep selintt oowsbew dob eemetoo oF (bas 
ye 

vihipks “eb dsdt mesa € 20, Gad cab ade teds otb7 os . 

343 .bsehid ei asigagysbiengo tabi amie en oF tadicinde | 
sit pnigstiuolss yoy S y¢ belfigkttun of Bisode dsqnek mined 
ofs adat pabiedivadva ahad 8 seks oalbnoqeerIes 7) 

(tie ktetozr-senisos boyikt Gna’ TER thw eed 6 708" " ~notsenpa 
2. £ sco Be itey ) ives Se Eiineie atapned aaed até 


& 
: 


Table 6.1 Formulae for the flexibility factor 


ron 


Formulae for y Eq. No. 
20 2 
1 L 2 
1 + t55 (acer) [4 ebay ualacial SPO 2 bla M6iMo>! 6.15 
2 
4 (G,-G,) + (G,+3)(G,+3) 
e022) 5 6.18 
[Ger2)(ege2 pe 1) 
e ihe bee, 172 
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The second assumption regarding the relationship 
between storeys is reasonable for stiff beams with relative 
storey deflections between the upper and the lower storey 


about the same. This is easily observed from the slope- 


162 


deflection, equation! (Eqs62e3).2 Forwa multistorey frame with 


stiff beams where the lateral stiffness and loading of a 
given storey do not differ significantly from the storey 
above or below, this assumption should be considered 
reasonable. In other words, this assumption is most valid 
for the values of the flexibility factor close to the upper 
limit. For a frame with flexible beams, this assumption is 
susceptible to violation, but its effect is proportionally 
reduced since the values of the flexibility factor become 
smaller. This offsetting effect is best reflected by the 
extreme case of a shear wall. For a shear wall, the 
assumption completely breaks down but for G approaching 
Zeno,EBQRU6s1Simol29ior Gn 25ngivescyi=tl1.0 wiThis#is£a 
reasonable answer since a shear wall within a storey 
deflects in a very similar manner to a rigid column. 
Therefore, it can be seen that this assumption leads to 
reasonablewaluesbof y -although»it) may ‘not represent 5the 


actual behavior in the case of flexible beams. 


6.2.3 Average flexibility factor 
All the equations developed in the previous section 
require the evaluation of the fiexibilityefactor@tfer each 


column. This would be laborious for a large multistorey 
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frame. In recognition of the small range of the values of 
the flexibility factor, it may be preferable to use a single 
value of y for the entire frame or a storey, when a precise 
calculation is deemed unnecessary. Based on Eq. 6.18 (or 
LeMessurier's chart), Table 6.2 shows the range of the 
values of the flexibility factor corresponding to a given 
range of G, (Ge is the smaller value of G for a given 
column). The range of G from 0.1 to 10 is believed to 
include most common cases. Thus, for example, AISC permits 
a hinge to be approximated by G = 10. An average 
flexibility factor y which tends to be on the conservative 
side is also suggested for a given range of the values of 


G From the table, the average flexibility factor can be 


eu 
roughly estimated for a storey or the entire frame. Since 
Goewa biararely He-less than O.1 in practical frames, a 


conservative value of y = 1.15 can be used for any frame and 


considerable simplicity in the calculation will be achieved. 


6.3 Modified negative brace method 

This method is essentially the same as the modified 
iterative method but it allows a direct calculation of the 
results without any iteration. A fictitious pin-ended 
bracing member with a negative value of AE is inserted in 
each storey as shown in Fig. 6.10. The negative value of AE 
implies that the bracing member will lengthen under 
compression or shorten under tension. When a frame 


including the negative braces is analyzed for the lateral 
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Table 6.2 Suggested values for the average flexibility 


factor 
Ge Of1=6:54 On4=17,0 Teh ik) 
Y 1409-1 e1e” IE OSSNTTO * 1200-22074 
Y 1.5 0 1.05 


* The highest y value corresponds to the minimum value in 
the rengeyor'G. .- 


Note: 0.0 < G < 10 dis) the range iof G considered /and Gouis 
the smaller value of G for a given column. 
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------ Negative bracing members 


Fig. 6.10 Modified negative brace method 
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loads acting alone (i.e., a first-order analysis), the 
results are very close to those from the modified iterative 
analysis. The values of AE required for the negative braces 
are derived as follow: 

If the negative brace elongates under lateral loads, 
the horizontal component of the compressive force F (tensile 
force if it shortens) in the brace is set equal to 
(SyN)*a/L in order that the total shears in that storey 


become equal to the lateral load shears plus the modified 


N-a shears. Hence, 
Fecos a = (ZyN) ° + (6.26) 
where a is the angle of elevation (Fig. 6.10). From the 


geometric relationships, 


- —— = a*cos a C6220) 


where I, is the length of the negative brace. Equating Eqs. 


6.26 and 6.27 gives: 


(lyN)eL 
PN SS oy eee Se (G328)) 


eeoeae 
which ia the value of AE required for the negative brace in 


a Storey: 


For a frame with unequal column heights in the bottom 


Storey (Fig 6.2), “thePterm (cyN)/L in Eq. 6.26 should be 
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replaced by £(yN/L) where L is the individual column height. 
Therefore, the value of AE for the negative brace in the 
bottom storey becomes: 
(LyN/L)*L, 
PE i ay ee Soe, ee (6.29) 
cos a 

Nete sthatinthe calculation -ofvARwlEq £:6%28 vor 6...29)) icanrthe 
simplified by using an average flexibility factor, a(Sect . 
Giai2: 43;)>% 

The concept of negative bracing members originated with 
Nixon set #al-.--(1975)- who. derived. Eq. 6.28 using a different 
analysis neglecting the flexibility factor. 

A frame analysis using negative braces gives slightly 
incorrect axial forces in the columns due to the vertical 
force components of the negative braces. For this reason 
this method gives slightly different results from the 
modified iterative method when the effects of the axial 
deformations of the column are also considered. The 
difference, however, is trivial, and the error of the axial 
forces in the columns can be minimized by using a maximum 
member length for the negative brace, as illustrated in Fig. 


o.10% 


6.4 Storey magnifier method 
This method is a further simplification of the modified 
iterative method based on the additional assumption that a 


storey can behave independently of other storeys. THis .tseea 
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reasonable assumption for a frame with stiff beams but may 
not be valid for flexible beams (Sect. 5.3). As a result of 
this assumption, any storey in a frame which is subjected to 
lateral loads plus the sway forces can be treated like a 
single-storey frame subjected to lateral load shears IV plus 
the modified N-a shears of that storey. Because the 
deflection of a single-storey sway frame under horizontal 
forces only is directly proportional to the applied 


horizontal force, the following relation is obtained: 


See ty (DYN) -ssa/h 
Ao TV. (65303) 


Wienerayjwise they first-order) deflection»:.ofi theystoreyar Adter 
rearranging the terms in the above equation, the deflection 


magnifier £,, which is defined as a/ag, is equal to: 


= 1 6.3L 
oe, wey Naat ( ) 
Lena (Sa) as 


Because the moments in a single-storey frame subjected to 
horizontal forces are directly proportional to the 


deflection, the column end-moments M are equal to: 


Mi= 3i »M (652325) 


Similarly, if there are any inclined bracing members, the 


first-order axial forces in the bracing members are also 


magnified by f,. 
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The deflection magnifier given by Eq. 6.31, which can 
be calculated directly from the first-order results, needs 
to be evaluated for each storey. After the column end- 
moments are magnified by the corresponding fan ther bean 
moments should also be increased properly to equilibrate the 
column end-moments. The lateral load shear in a column can 
be obtained by subtracting the modified N-a shear (yNa/L) of 
that column from £,Vo where Vp is the first-order ¥ehear, un 
that column. If an average flexibility factor (Sect. 6.2.3) 
wopeused gin, Eqs.(6 -2iyjthe calcubation of f£g.jwillebesfitrther 
simplified. 

In the case of a frame with unequal column heights in 


the bottom storey (Fig. 6.2), the deflection magnifier for 


the bottom storey becomes: 


1 
= ag.) 
fs (lyN/L)a ( ) 
sas gece a Pk 
LV. 


The above equation is obtained using the modified N-a shears 
forsisuch ia) case’ \(Sect’.. 6.2 41))>. 

The approximate method based on Eq. 6.31 or 6.33 is 
referred to as the ‘storey magnifier method'. Rosenblueth 
(1965) and Fey (1966) each derived an expression similar to 
Eq. 6.31 in a way different from the one presented here. 
Neglecting the flexibility factor, Parme (1966) and Goldberg 
(1973) also developed a similar expression. Hellesland 
(1976) developed the more general Eq. 6.33 in a different 


way. Similar method was proposed by LeMessurier (1977) for 
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the design of steel frames. MacGregor and Hage (1977) also 
suggested this method for the design of reinforced concrete 
frames. 

It has been discussed in Sect. 6.2.1 that the modified 
iterative method is more accurate in predicting the 
deflections than the moments. Since the derivation of the 
storey magnifier method is based on the modified iterative 
method, the same situation will result. This is why Ears 
termed the deflection magnifier rather than the moment 
magnifier. The accuracy of the storey magnifier method, 
however, is also subject to the additional assumption that a 
storey can be treated independently of other storeys. The 


accuracy of this method will be examined in Chapter 7. 


6.5 Overturning moment method 

This method is a further simplification of the modified 
iterative method by introducing an additional assumption: 
the horizontal displacement at any floor of a structure is 
assumed to be directly proportional to the sum of the 
overturning moments of the horizontal loads about the base 
of the structure. In other words, horizontal loads with 
different force distributions produce the same displacement 
at any floor, provided the overturning moments about the 
base are the same. It follows that a single deflection 


magmitier 8£2 for “the entire structure can be obtained: 


eo cee (6.34) 
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in which =My, is the sum of the overturning moments of the 
lateral loads H about the base of the structure, and =M. is 
the sum of the overturning moments of the sway forces which 
are calculated using the first-order deflections (i.e., the 
deflections due to H acting alone). Note that the above 
equation is the same as Eq. 6.31 for a single-storey 
frame. Since the deflection is increased by the same ratio 
in every storey, the column end-moments, beam end-moments, 
and the axial forces in the inclined melons elements (if 
any) are also magnified by the value of £5 Given by fa. 
6.34. The analysis based on Eq. 6.34 is referred to as the 
‘overturning moment method'. Unlike the modified iterative 
method, this method cannot be applied to frames with unequal 
column heights in the bottom storey. The simplifying 
assumption for this method will be explained later. 

This method can be further simplified when an average 


flexibility ifactor (Sect< G.2.53)) teuused’ fom the vuentine 


structure. | iThen ‘Eq. 6.34 canbe rewritten jin eansalternate 
form: 
1 
f = 
: ae (G.253) 
Y 2 (IP), Aoi . 
hes i=l 
¥, Mi 


in which Ao; is the first-order horizontal displacement of 


floor i from the original position (Fig. 6.4), (ZP). isthe 
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sum of floor loads on floor i (Fig. 6.4), and n is the total 
number of storeys. 

To avoid complex equations, only the derivation of Eq. 
6.35 is shown here although the general equation (Eq. 6.34) 
can be derived in a similar way. The derivation basically 


follows an iterative method. The total displacement A at 


ki 
any floor i in iteration k due to the lateral loads plus the 
sway forces which are calculated using the displacements 


A(K-1)i from the iteration k-l is given by: 


[EB)¢ Aix-1)4) (6.36) 


The second term in the above equation calculates the 
additional displacement due to the sway forces, which are 
functions of the total displacements, according to the 
previous assumption about displacements being proportional 
to the overturning moment at the base of the structure. In 
theefarstnaterationy dcessikasd ly A(x-1)i is equal to Ao; 
and therefore the final displacement A. corresponding to k 
= © can be obtained by successive iteration, which results 
in an infinite geometric series of Aoi: The infinite series 
can be condensed to Eq. 6.35 when f, is also defined 
as A,/do,- 

The assumption relating displacements to the 
overturning moment originated by Perez-V (1977). Perez-V 
(1977) developed Eq. 6.35 in a somewhat different way and 


aid not consider the flexibility factor in his derivation. 
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His underlying assumption was drawn from observations about 
the first-order elastic deflections of idealized structures 
and loadings shown in Fig. 6.11. A cantilever shear beam 
which undergoes shear deformation and no bending deformation 
(Fig. 6.11) represents a structure with rigid beams relative 
to the columns. A cantilever bending beam Cra GuOndcla)r, 
neglecting the shear deformation, represents a structure 
with very flexible beams. Uniform stiffness and linearly 
varying stiffness (zero stiffness at the top) of the beams 
were considered. Because the foregoing assumption was found 
valid within small limits for each of these models and 
loadings, it was extrapolated to real structures, as used in 
the overturning moment method. 

This method gives an overall magnifier for the entire 
structure. This may be reasonable for a structure with 
flexible beams in which the storeys tend to assist each 
other to resist the geometric effects (Sect. 5.3). This, 
however, needs to be proven and will be examined in 
Chapter 7. Although the shear beam used in developing the 
assumption for this method was meant to represent a real 
structure with stiff beams, the points along the shear beam 
are interrelated and hence this model is not able to 
represent a real structure with stiff beams in which the 
behavior of one storey can be independent of other storeys 
(Sect.05.3).. In other words; if the magnification duesro 
geometric effects in one storey can be very much different 


from that in the other storeys, especially far away storeys, 
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Fig. 6.11 Loadings and deformation of a shear beam and a bending beam 
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this method will be inaccurate. This will also be shown in 


Chapter 7. 


6.6 Frame magnifier method 

This method is a further simplification of the modified 
iterative method in which the additional assumption is made 
that the ratio a/ag is equal for all the storeys of the 
frame subjected to lateral loads H plus sway forces. In 
other words, the total lateral deflections of the frame are 
those produced by the lateral loads f,H, where f, = a/ao- 
As a result, the energy stored in the structure due to the 
lateral loads plus the sway forces is identical with the 
energynpesulting\fromithedlateraliloads yf H+ “This is 


expressed as: 


“ n 
’ [z= (yN), A tn CEV yada S)e=O8 e LOnvpawan} a ¢6tsz) 


us 


Bytsetting ay equal mtofig-eag,; the above equation can be 


rearranged to give the deflection magnifier f£, equal to: 


it 


n 2) 
SAS VN oe 
=F i Oi’ 1 (6.38) 
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In the case of a bottom storey with unequal column heights, 


the deflection magnifier is equal to: 
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(ZyN/L) . aos 


= (6.39) 


Pease, 
If an average flexibility factor is used, the above 
equations can be further simplified. Since all the 
deflections are increased by the same ratio, and since this 
method is based on the modified iterative method, the column 
end-moments are equal to £.Mj- Note that this method gives 
the same equation as the other methods presented earlier for 
a Single-storey frame. 

Theccniticaleioadtfiactopmimphiedcby Eqeadé .36n (awe. 
when f, = ~) is similar to the one presented by Stevens 
(1967) although derived in a different manner. 

Although this method and the overturning moment method 
both give a single magnifier for the entire structure, the 
derivation of this method is based on a more direct 
assumption. The overturning moment method implies the same 
assumption but it requires the additional assumption that 
the deflections are proportional to the overturning moments 
at the base (Sect. 6.5). Hence if the assumption that an 
overall magnifier can be used is valid (the condition that 
this assumption may or may not be valid has been mentioned 
in Sect. 6.5), the frame magnifier method gives the same or 


better results than the overturning moment method, as 


demonstrated in Chapter 7. 
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6.7 ACI method 

The following is an attempt to formulate rationally the 
current ACI (1977) method for sway frames although the 
original derivation was semi-empirical (MacGregor et al., 
1970). This method can be considered a further 
simplification of the modified iterative method, but it has 
the restriction that the frame to be considered cannot 
include any distinct bracing elements such as shear walls or 
inclined bracing members. This will be shown when 
developing the method. 

The simplifying assumptions required for this method 
(in addition to the assumption that the deformed shape of 
the structure under lateral and vertical loads can be 
represented by the deformed shape under lateral loads plus 
sway forces made in the modified iterative method) are 
introduced as follows: 

1. The end-rotational stiffness of each beam is equal 
to Soni ie for that beam: 

2. The restraining moments provided by the beams at one 
end of a column are distributed between the column 
above and the column below in proportion to the EI/L 
value of the two columns. 

Assumption 2 precludes the existance of any shear walls 
in a structure. The above two assumptions will be discussed 
later. These two assumptions permit a storey to be isolated 
from the frame with the column end-rotational restraints 


expressed as a function of G,; and Gg as shown in Fig..96.h2. 
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Fig. 6.12 A storey isolated from the frame (ACI method) 
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For an isolated single-storey frame (Fig. 6.12), the 
modified iterative method is simplified to Eq. 6.31 stated 
in Section 6.4. The deflection magnifier given by Eq. 6.31 


is rewritten as follows: 


f io (6.40) 
where 
m 
2 oe 
peri) aie 
q=-4 (6.41) 
ery set Lue 
4=1 05 O 


where Vo is the first-order end-shear in column j, and m is 
the number of columns in the storey. It is tacitly assumed 
that there are no inclined bracing elements in the storey. 
PThewinee=tossway criticalmloadeN¢.ofca column spftrompkg. 


Ge 22etSect 14622).2}acisrequalate: 
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See ee (6.43) 


Note that the subscript j is discarded for simplicity. 


Therefore the deflection magnifer is also equal to: 


1 (6.44) 
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and the end-moments of any column in the storey is equal to 
F5Mg (Sect. 6.4). If it is assumed that the flexibility 
factor is equal for all columns in the storey, it can be 
cancelled out in the above equation and Eq. 6.44 is 
simplified to: 

gi 


8 hy eee are pee (6.45) 


s ees xN 


UNe, 


which is the form of equation given in the ACI Code (1977). 
Due to the small range in the values of the flexibility 
factor, the assumption of a constant y is relatively minor, 
and the consequence of errors introduced by this assumption 
should be considered insignificant. 

Dhesfreertosrsway effectave lengthwfactor key whieh is 
aatunction of G} and Gy only, can be obtained from an 
effective length factor alignment chart given in the ACI 
Commentary (1977). Approximate formulae to determine kg, 
are also given in the ACI Commentary. The approximate 
second-order analysis based on Eq. 6.45 and the alignment 
chart is referred to as the ACI method. Note that f, needs 
to be evaluated for each storey. 

The ACI method can be modified to be applied to the 
type of frames with different column heights in the bottom 


storey. According to Eq. 6.33 (Sect. 6.4), Eq. 6.41 is 


rewritten as: 
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By substituting Eq. 6.42 into the above equation and making 
the assumption that y can be cancelled out, the deflection 


magnifier for the bottom storey becomes: 


ars | (6.47) 


The above equation was given by Hellesland (1976) but the 
derivation was not shown in his paper. 

The two assumptions stated previously are examined in 
the following. Assumption 1 is reasonable for beams rigidly 
connected to columns. In fact, the summation of Neo fOr sall 
columns in a storey offsets some of the error resulting from 
the inflection points not occurring exactly in mid-span of 
the beams. This will be demonstrated in Sect. 7.2.2. In 
the case that the far end of a beam framed into the column 
under consideration is hinged or fixed, the beam length 
should be multipled by 2 or 1.5, respectively when 
calculating the corresponding value of G, in order to obtain 
the correct value of Kr. from the alvognment ‘chart... Thus; 
however, is not mentioned in the ACI Commentary (1977). 

The second assumption, which permits a storey to be 
separated from the frame, has been discussed when deriving 
the flexibility factor in Sect. 6.2.2 where it was shown 


that this is a reasonable assumption for a regular 
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multistorey frame with stiff beams and regular loading. It 
should be noted, however, that the significance of the 
errors in the assumption in evaluating the deflection 
magnifier given by the ACI method is much greater than when 
evaluating the flexibility factor (Sect. 6.2.2), since the 
free-to-sway effective length factor can vary from 1.0 

to ~ while the flexibility factor varies from 1.0 to 1.22. 
This is clearly reflected by the case of a shear wall or 
stiff column which bends into single curvature within a 
storey. The value of Ne, for the shear wall with G 
approaching infinity is very small, and therefore the very 
substantial lateral resistance offerred by the shear wall is 
neglected. The errors resulting from this assumption will 
be demonstrated in Chapter 7. 

Although the storey magnifier method is based on a 
similar assumption that a storey can be treated like a 
single-storey frame, the ACI method requires the additional 
assumption of idealized end-restraints for each column. 
Hence the ACI method is less accurate than the storey 


magnifier method, as will be shown in Chapter 7. 


Alternative ACI method 


The ACI Code appears to permit replacement of the term 


i ° oi N t i Crs y 
XN, in Eq 6.45 by IN, 
oom 1 (6.48) 
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in which N, is the exact elastic critical load of a 
column. In other words, a designer may perform a rigorous 
stability analysis to calculate the exact critical load for 
each column (strictly speaking, a critical load factor ve 
for the entire frame), and substitute the values into the 
above equation. Of course, one would not do this in 
practice since a stability analysis is generally more 
complicated than an exact second-order analysis. 
Nevertheless, it is still of interest to examine this 
alternative because the question is often asked whether an 
"exact' effective length factor (which results in an exact 
critical load) is better than the 'approximate' value 
obtained from the conventional alignment chart. Discussion 
of this also entails another question about what values of 
the axial forces should be used (i.e., what values of the 
vertical loads should be applied at the joints) when the 
HOA tactor \ “is* equal tovise™. Because the ACI Code or 
Commentary (1977) is not specific in this respect, the 
following is a reasonable attempt to discuss this approach. 
The alternative ACI method can be derived on the basis 
of Eqs. 2.10 and 2.11 developed in Sect. 2.5. Consider a 
multistorey frame subjected to lateral and vertical loads 
applied at the joints. Assume that the first-order 
detleetion* yp can be adequately represented by the lowest 
sidesway critical mode y with the critical load factor i, 
while the other critical modes in Eq. 2.10 are negligible. 


Then according to Eq. 2.11, the total deflection y due to 
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the action of vertical and lateral loads is found to be: 


Yo 
y = : (6.49) 
1 - nae 
c 
It follows that a single deflection magnifier f. for the 
entire frame is also equal to: 


a (6.50) 


In determining the critical load factor hoe the effects 
of the axial forces in the beams are assumed to be 
neglected. Consequently, when calculating hoe the frame is 
Only subjected to vertical loads at the joints such that the 
only internal forces acting are the column axial forces 
Sect. 2.5.)..80),.Accordingstogthe derivation of Eq. 2.11, from 
which Eq. 6.50 was derived, the axial forces N in the 
columns for } = 1.0 are equal to those from the original 
state of loading, i.e-, gravity and lateral loads acting 
together (Fig. 2.8). Thus, when N, in Eq. 6.48 is written 
as AUN, Eq. 6.48 becomes identical with Eq. 6.50. It is 
also apparent that the summation sign in Eq. 6.48 is not 
necessary since he is constant for each column. Asa 
result, the alternative ACI method in fact implies a single 
magnifier for the entire structure given by Eq. 6.50. 

Although the validity of the assumption made for Eq. 
6.50 that the deformed shape due to lateral loads can be 


represented by the sidesway critical deflection mode is 
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uncertain, it is certain that an overall magnifier is not 
valid for the case where a storey is not sensitive to the 
behavior of other storeys as discussed before in Sect. 6.5. 
In fact it will be shown in Chapter 7 that if a frames does 
not have any distinct shear walls (as implied in the ACI 
Code for ‘unbraced' frames), an overall magnifier is not 
justified. Hence, it can be seen that the exact 
determination of the effective length factors may not 
guarantee any better results (in fact, may be worse) than 
the use of the effective length factors from the 
conventional alignment chart in the case of approximate 


second-order analysis. 


6.8 Moment-correction factors 
6.8.1 Introductory remarks 

In Sect. 6.2.1 it was mentioned that the modified 
iterative method is more accurate in predicting the 
deflections than moments. This is because the 
redistribution of end-moments for individual columns due to 
the C and S effects (Chapter 5) has not been considered. An 
attempt is made in this section to rectify this error by 
introducing moment-correction factors. The derivation of 
these factors is based on the assumption that the lateral 
deflections are exactly determined. 

Since each of the other approximate methods of second- 


order analysis discussed in this chapter is derived from the 


modified iterative method, the above error exists in all of 
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these methods. The additional assumptions made in these 
methods of second-order analysis are assumed valid in order 
that the moment-correction factors can also be applied. In 
other words, the deflections determined from these methods 
are also assumed to be exact. The validity of the 
additional assumptions in each of these methods will be 
examined in Chapter 7. 

The moment-correction factor implied in the AISC (1978) 
approach for sway frames will be discussed first to 
illustrate the problem and to show the limitations in this 
procedure. The Hellesland and MacGregor approach (1982) 
which is developed on the basis of single-storey frames is 
used here and extended to multistorey frames. It should be 
noted that except for the ACI method, all the methods 
converge to the same method for single-storey frames as 


indicated in the development of the methods. 


6.8.2 AISC approach 


The AISC Commentary (1978) suggests a correction factor 


B (the original text uses C,,) to modify the deflection 


max 


magnifier f, such that 
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The free-to-sway critical load Neg is.a functiongor G;) and 
G5, the same as in the ACI method. According to seneyAlSC 
Commentary, under the combination of compression stress and 
bending stress most affected by the moment magnifier 
Bnax*’fs, a value of 0.15 can be substituted for the latter 
term in Eq.,6.52, giving a constant value of Boa Oe eo. 
This, however, is questionable, since the value of 0.85 
corresponds to N = 0.83 Ne, which is a very high axial load 
for a beam-column. 

Equation 6.52 is obtained by considering a single free- 
to-sway column with an infintely rigid beam at one end (Fig. 
6.13(a)). The maximum moment occurs at the end attached to 
the rigid beam. In the derivation the column is replaced, 
as shown in Fig. 6.13, by an equivalent pin-ended beam- 
column subjected to the lateral load and the axial load 
equal to those of the original column. The equivalent beam- 
column has a length equal to the free-to-sway effective 
length k¢,L of the column. It has been assumed that the 
deflected shape of the column due to the lateral load acting 
alone and the deflected shape due to the lateral load and 
the axial load acting together are both the same type of 
curve as the buckled shape of the column. Since the beam in 
Fig. 6.13(a) is rigid and therefore the slope of the 
deflected shape is zero at the column end, the lateral load 
acts at mid-span of the beam-column in Fig. 6.13(b). Based 


on the assumption that the final deflected shape is a sine 
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Fig. 6.13 Concept in AISC approach for Bmax 
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curve, the bending moment at mid-span of the beam-column 
which corresponds to the maximum moment in the actual column 
is found as given by Eqs. 6.51 and 6.52. A complete 
derivation for the beam-column in Fig. 6.13(b) is given by 
Wang and Salmon (1973). 

It is apparent that the moment-correction factor Bax 
given by Eq. 6.52 is only applicable to a free-to-sway 
column attached to an infintely rigid beam, but this is not 
explicitly stated in the AISC Commentary. In fact, the next 
section will show that this approach and particularly the 
constant value of 0.85 is unconservative in most other 


cases. 


6.8.3 Hellesland and MacGregor approach (for single-storey 
frames) 
Hellesland and MacGregor (1982) propose the following 
equations of Biax which are developed on the basis of 


Single-storey frames: 


B =l1- G5 Wey for tee £2146 (6.53) 


wo 
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=e Pas for ap. ? 1.0 (6.54) 


except that when a. ? 0.5, the larger of Bhax given by Eq. 


6.54 and Eq. 6.55 is used: 
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where 


0.24 
0.24 + (1 + 0.75 5) 


2 (6.56) 


The load indices a,. and a, are defined by N/Ne, and N/N,g, 
respectively, where the critical loads Ne; and Ni, are 
determined on the basis of the first-order inflection points 
of the beams (first-order end-restraints) rigidly connected 
to the column under consideration. The moment gradient ro 
has been defined previously as - Mo)/Mg>- The stiffness 
ratio bo at joint 2 of the column (note by < ¢,) is defined 
=e where ie is the distance from the joint to the 
first-order inflection point in the beam (see Figs. 5.3(c) 


as 


mtd) ).. After ee is determined for the column in 
question, the maximum moment in the column can be calculated 
according to Eq. 6.51, in which f, can be obtained from any 
of the approximate methods discussed previously. 

The equations for B,., were based on the observation 
that the geometric effects in a single-storey frame can be 
quantified by the product of the B coefficients and the 
deflection magnifier f, as indicated previously by Eqs. 5.1 
to 5.4. It is assumed that f, can be exactly determined, 
and therefore the B coefficients are estimated using a 
laterally deformed non-sway column (Fig. apace 7: 


Hellesland and MacGregor (1982) have observed that the shear 
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with increasing axial load until fairly high axial loads are 


reached. Since, by definition of elastic sway buckling, B 


V 
is equal to zero when Geo = 1.0 (Big <e594)% By, can be 
reasonably approximated by: 

BL =1- te (6.57) 
The linear approximation of B, is very good for Oe, < sO 
For Oe > 1.0, the error increases although Eq. 6.57 remains 
conservative. The total end moment, ©=M = M, + Mo, ofa 
column is equal to: 

EMG= a= BY fe Vo L-N f ao (6258) 
Supbstituting®Eqg.6 .57 into®Eqs)6 .58fandenoting EMp°= =e VoL 
gives 

= Ee 6559 
=M Ci g a.) f. IM ( ) 
where 
N a 
fs420 
g=1-— (6 .60) 


Using Eq. 6.22 for the flexibility factor y (Sect. -62 eeu 


Eq. 6.60 can also be expressed as: 


(6461) 
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The coefficient g varies from zero for yo ln0etol02iSetor 
Vie= clwi22. (For -theicase of equal .end=-restraints;ii.es, by = 


bo (and M, = Mow Moi t= Moo) M5 (or M,) is given by: 
M. = (1- G5 Ore)f. Mo? (6.62) 


where 


0.22 
Mia ee ae ee (6.63) 


ee bo) 
which are obtained by substituting Eq. 6.19 (the equation of 
y for equal end-restraints) into Eq. 6.61. (Note that if 


a is equal to half of the beam length, then ¢ is equal to 
the term G defined by Eq. 6.16). If a column is restrained 
at one end and hinged at the other end Cb) =2o)iy vEqium6e62eas 


also derived with gy given by: 


oe (6.64) 


obtained by substituting Eq. 6.20 into Eq. 6.61. Hellesland 


and MacGregor (1982) replaced the term in brackets in Eq. 
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is defined by Eq. 6.63 and the upper limit is closely 
defined by Eq. 6.64. Since the difference in the values of 
Ga computed from Eqs. 6.63 and 6.64 was not significants for 
practical values of ¢, Eq. 6.56 was determined as an average 
of the two limiting equations and the error at eein= 1.0 was 
found to be within + 2.5% for practical values of 4. 
Apparently the expression of gy given by Eq. 6.56 was 
derived on the basis of eego= LOR From Figseesn4eandt5yv5, 
it can be seen that By decreases almost linearly for 

ae, < 1.0 and the linear approximation of By given by Eqs. 
6.65 and 6.56 is accurate for Gee < be0nFon ree 1.0, the 
error increases on the conservative side. 

For a supporting sway column the maximum moment always 
eccuss at) thexend | (Sect .f5 .2.2) peanddtherefore Bo. , vistequal 
to By (by definition Moz > Mo ,), as indicated by Eq. 6.53. 
For a supported sway column ( Gee > 1.0), the maximum moment 
may occur away from the end and initially B,., can be 
assumed to be constant with the axial load, as given by Eq. 
54 (Rig. Gsl4 ~ cto rfobklowhintton ta.avery. nigh taxtaleicad 
(Nie 0-45 Nis 2s suggested by Hellesland and MacGregor, 
He2) 7 Mya y Can be found by the conventional ACI method for 
a non-sway column (Sect. 4.3) except that the limits in the 
original equation (Eq. 4.20) are discarded as shown by Eq. 
BROS. 

Equations 6.63 and 6.64 indicate that except for 5 = 


O.0> 99 is less than 0.18. As a result, Eq. 6.53 suggested 


by the AISC Commentary (1978) is unconservative except for 
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the rigid-beam case. The values of Bnax from Eqs. 6.53 to 
6.56 are compared to the exact solution for a typical 
laterally deformed non-sway column in Fig. 6.14. The values 
Of Bnax implied by the AISC Code (1978) and the ACI Code 
(1977) are superimposed. As far as Bnax 2S (CONCERN ed a Ginc., 
assuming that f, is exactly determined), the ACI procedure 
is conservative in the load range of most practical 
interests. The AISC procedure, however, is unconservative 
in the load range of a supporting sway column which is the 
most common design situation. 

In addition to the maximum column moment needed to 
Proportion the” column; “the column” end=moments M);’ and M> are 
needed to determine the moments required in the attached 
beams. The coefficient By has been defined by Eq. 6.65 with 
G9 given by Eq. 6.56, also illustrated in Fig. 6.14. 
Hellesland and MacGregor (1982) have observed that B, stays 
almost stationary with increasing axial load for a column 
with flexible restraints (as illustrated by Fig. 5.4), but 
follows Cy for stiff restraints (Big. 5.5). @ihereiosesBieas 


approximated by: 


oe = (6.66) 
By a O10 fe 


where 


£Ox by 2? 1.0 
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Note that the above equation for 9; 1s) similar’to (Faw G.o38 
Hellesland and MacGregor method can be Simplified as 
regards the calculation of by and bo by making the . 
conventional assumption that the inflection points occur in 
mid-span of the beams that are rigidly connected to columns. 
When this is done, the values of Neg and Nig can also be 
directly obtained from the effective length factor alignment 
chart given in the ACI Commentary by noting that G = @ (for 
ie.) and:G = ¢/3),(for N,.). In fact, it! will be suggested 


in Sect. 6.8.4 that G = ¢% for calculating Nailer 


6.8.4 Moment-correction factors for multistorey frames 

This section attempts to extend Hellesland and 
MacGregor's method to multistorey frames and to discuss the 
assumptions involved. 

Figure 6.15(a) shows a multistorey frame which is 
braced at the joints against sidesway with imposed lateral 
deformations equal to the exact displacements produced by 
the combined action of the vertical and lateral loads. 
Holding forces R are required to hold the frame in the 
deformed shape. The moments in the laterally deformed 
columns are denoted as Mj. According to the assumption made 
in Sect. 6.8.1 that the deflections are exactly determined, 
ene values of M, are equal to those from the approximate 


methods of second-order analysis. In the case of the 
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(a) (b) 


Fig. 6.15 A laterally deformed non-sway multistorey frame 
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modified iterative method or modified negative brace method, 
Mg can be directly obtained from the analysis. For the 
other methods which give the deflection magnifier £2, Ms"is 
assumed equal to f.Mg. Note that this assumption is based 
on the assumption that a storey behaves independently of 
other storeys (stiff beams) or the ratio a/ag is equal in 
all the storeys. Obviously, these are the same assumptions 
made in deriving the various deflection magnifiers. 

The vertical loads are then applied to the deformed 
non-sway frame as shown in Fig. 6.15(b). The resulting load 
effects are identical with those from the original state of 
loading. By making the same assumptions as for the ACI 
method (assumptions 1 and 2 in Sect. 6.7), any column in the 
frame can be isolated from the frame with end-restraints as 
aerunection*of Gy] and -G4;/Vas shown™in’ Fig se 15 (¢c).* These 
assumptions will be discussed later. It is apparent that 
the whole process is conceptually the same as the previous 
case for a single-storey frame (Fig. 5.3) except that f£,Mo 
is being replaced by a more general term Mg. Therefore, 
Hellesland and MacGregor method is also applicable for 
multi-storey frames with Eamo replaced by Mg. 4 replaced by 
G, and the values of Ne, and Ny, calculated accordingly. 

The assumption of mid-span inflection points in the 
beams has been discussed before. The major problem lies in 
the assumption regarding the relationship between storeys. 
Sections 6.2.2 and 6.7 have shown that this assumption is 


reasonable for a frame with stiff beams, and this will be 
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demonstrated in the next chapter. For flexible beams, this 
assumption can be violated. Nevertheless, Hellesland and 
MacGregor's equations indicate that the moment-correction 
factors are only significant for stiff beams (i.e., for low 
values of bo in Eq. 6.56). For more flexible beams, the 
correction factors become closer to 1.0 and therefore the 
consequence of the assumption becomes less significant. In 
other words, although the assumption is less valid for more 
flexible beams, its effect is proportionally reduced. For 
example, this assumption breaks down for a shear wall with 
Go approaching infinity but the values of the correction 
factors approach 1.0, which is a reasonable answer. 

For a very heavily loaded column, it has been shown 
that Bia, may be greater than 1.0. Equation 6.55 suggested 
by Hellesland and MacGregor may be unconservative in this 
range because the effective stiffness of the end-restraints 
may be decreased drastically by a shift in the point of 
inflection in the beam at high axial loads as discussed in 
Sect. 5.2.2. It would seem prudent to base the calculation 
eieN, 2i0ne the assumption that the end-rotational stiffness 
of the beam is equal to 2EIp/Lp rather than on the first- 
order inflection point or 6EIp/Lg_. In addition, By, may 
exceed 1.0 for a column attached to weak beams. Due to the 
uncertainty of the validity of the assumption concerning the 


relationship between storeys in frames with weak beams as 


mentioned earlier (Sect. 6.2.2), a conservative estimate 
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would seem more appropriate. This suggestion will be 


explicitly stated in Chapter 8. 


6.9 Summary 

Various approximate methods of second-order analysis 
for elastic sway frames have been reviewed in this Chapter. 
The major assumptions in each method are summarized in Fig. 
6.16. Note that all approximate methods are shown to grow 
out of the modified iterative method. In terms of accuracy, 
the modified iterative method and the modified negative 
brace method are obviously the best. However, in terms of 
simplicity the other methods (not including the iterative 
method) are more appealing. 

The frame magnifier method and the overturning moment 
method, both of which give an overall magnifier for the 
entire structure, appear to be valid for a frame with 
flexible beams relative to columns. The storey magnifier 
method, which gives a magnifier for each storey, is most 
valid for a frame with stiff beams. The ACI method, which 
also gives a magnifier for each storey, is the only method 
which cannot be applied to a frame with bracing elements. 
The ACI method is most valid for a frame with stiff beams 
but it is less accurate than the storey magnifier method 
because of additional assumptions required in the ACI method 
(Fig. 6.16). In short, the validity of the four approximate 
methods, which are simplifications of the modified iterative 


method, appears to depend on the stiffnesses of the beams 
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relative to the columns. These will be evaluated in the 
next chapter. 

The basic error (resulting from the assumption stated 
at the top of Fig. 6.16) in all the approximate methods in 
estimating the column moments is rectified by introducing 
the moment-correction factors. The other sources of errors 
inherent in some of the methods as discussed in the above 
paragraph, however, still limit their applicability. This 


will be examined in the next chapter. 
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7. EVALUATION OF THE APPROXIMATE METHODS FOR SWAY FRAMES 


7.1 Introduction 
7.1.1 Problem statement 

The approximate methods of second-order analysis of 
elastic sway frames, including the moment-correction factors 
B (Sect. 6.8.4), are as follows: In the modified iterative 
method or the modified negative brace method, the 
deflections are obtained directly from the analysis, but’the 
column moments are obtained by multiplying the column end- 
moments from the analysis by the corresponding moment- 
correction factors. In the other methods, namely, the 
storey magnifier, frame magnifier, overturning moment and 
ACI methods, which give deflection magnifiers fen Ene 


deflections and column moments are given by: 


U7 isis) 


3 . 5 hed 
M'=)B f Mo ( ) 


Note that in the ACI method, all the values of B are equal 
EO 15.0% 
The intent in this chapter is twofold: 
- To determine and compare the accuracy and 
applicability of different approximate methods. 
- To propose suitable methods for performing a second- 


order analysis of elastic sway frames. 
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7.1.2 Method of evaluation 

The errors in the approximate methods are due to the 
errors of the assumptions involved. The major sources of 
errors are derived from: 

- The basic assumption that the deformed shape of the 
frame subjected to lateral loads and vertical loads 
can be represented by the deformed shape due to 
lateral loads plus sway forces (see Fig. 6.16). 

- The major additional assumption required in each of 
the methods which are simplified from the modified 
iterative method (see Fig. 6.16). 

- The assumptions of mid-span inflection points and 
idealized vertical relationship between continuous 
columns made in the moment-correction factors (Sect. 
636.4). 

Note that the last source of errors is relatively minor, as 
discussed in Sect. 6.8.4. An attempt is made in the 
following sections to determine the limits and conditions 
for which the errors resulting from the above assumptions 
are acceptable. In effect, the applicability of different 
methods are also compared. 

First, the assumption about the deformed shape will be 
examined in Sect. 7.2.1 with the aid of a supported sway 
column. The assumption of mid-span inflection points made 
in the ACI method and in the derivation of the moment- 
correction factors will be examined using a single-storey 


Peame Gn Sect. 7.2.2. The storey magnifier, frame 
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magnifier, overturning moment, and ACI methods all require 
assumptions to idealize the vertical relationship between 
storeys (the second source of errors as stated previously). 
Similarly, the moment-correction factors also require an 
assumption as regards the vertical relationship between 
storeys. This type of assumption will be checked with 
multistorey structures, first with low-rise structures in 
Sect. 7.3, and then with high-rise structures in Sect. 

7.4. Finally, in Sect. 7.5, recommended methods of second- 


order analysis of sway frames will be proposed. 


7.2 Single-storey structures 
7.2.1 Supported sway columns 

The basic assumption of all the approximate methods 
developed in Chapter 6 is that the deformed shape of the 
structure due to vertical and lateral loads is equal to that 
due to the lateral loads plus sway forces (see Fig. 6.16). 
The validity of this assumption is uncertain in the case of 
supported sway columns, as mentioned in Sect. 6.2.2. This 
problem is examined with the aid of a simple elastic frame 
shown in the inset to Fig. 7.1(b). The frame consists of a 
column carrying an axial force and a much stiffer column 
carrying no axial force. In the approach of the elastic 
failure of the frame, the weak column will deflect in a 
shape considerably different from the assumption, as shown 
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the extent to which the basic assumption can be considered 
valid. 

In Fig. 7.1(b), the exact ratio a/ag is compared with 
the deflection magnifier from the approximate method. Note 
that all approximate methods give the same results for this 
particular case when y = 1.22 is used. The two curves agree 
reasonably well far beyond the stage when the weak column 
has become a supported sway column. When the weak column 
reaches a deflected shape very different from the 
assumption, e.g., at N > N,, the approximate curve becomes 
less accurate. The figure, however, indicates that for 
EeescleSyiwhichwis considered! anvery»largeyvaluetin 
practice, the two curves are almost indistinguishable. This 
indicates that the approximate methods are not sensitive to 
the basic assumption in the practical ranges of f, values. 

In Fig. 7.1(c), the end-moment and the maximum moment 
in the weak column are compared with those based on the 
moment-correction factors and the exact a/ag- The two sets 
of curves agree reasonably well. The approximate curve for 
Mog tends togbe conservative because of the linear 
approximation of By (Sect. 6.8.3). This figure also 
demonstrates the previous discussion (Sect. 6.2.1) that the 
deflection magnifier is better in estimating the deflections 
than the column moments. The moment-correction factors are 
shown to rectify the error. 

The above illustration is believed to represent a 


critical case for the assumption examined because the 
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increase in the deflection of the frame is solely produced 
by the axial force in the weak column. If the stiff column 
also carried a vertical load, the agreement between the 
deflection magnifier and the exact a/ag would be very good 
up to f, greater than 1.5. In the case of a multistorey 
multi-bay frame, it is likely that the majority of the 
columns are supporting sway columns, and the limit of the 
accuracy of f, should be far greater than 1.5. In short, 
the basic assumption of the approximate methods is 
considered valid in the case of supported sway columns when 


f. is less than about 1.5. For multistorey multibay frames 


s 
where most columns are supporting sway columns, this limit 


is likely to be much higher. 


7.2.2 Assumption concerning inflection points 

In the alignment chart used to calculate the effective 
length factors for use in the ACI method (Sect. 6.7), the 
inflection points in the beams are assumed to occur at mid- 
span. As mentioned in Sect. 6.7, the deflection magnifier 
(Eq. 6.45) given by the ACI method should not be sensitive 
to this assumption because the summation of Neg, for all 
columns in a storey tends to offset the errors. This is 
illustrated using a frame shown in Fig. 7.2(a). Since the 
inflection point in a beam is a function of the relative 
stiffnesses of the adjacent columns and the stiffness of the 


beam relative to the columns, the middle column of the frame 


was chosen to be twice as stiff as the other two columns 
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Fig. 7.2 Evaluation of the approximate methods for a single-storey structure 
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while the stiffnesses of the beams are arbitrarily chosen to 
introduce irregularity. In Fig. 7.2(b), the magnifier from 
the ACI method is compared with the exact a/ag- The 
agreement is good and for LoeSeLeoyethe. difference as snot 
greater than 3%. 

The assumption of mid-span inflection points is also 
made in determining the moment-correction factors. This is 
also evaluated in Fig. 7.2(b) by comparing the ratio Mo)/Mo9 
in the end column with Bmax’ 2/89 based on the exact a/apo 
values. Note that the maximum moment occurs at the end of 
exehcolumn, .1ise., Mo-=oMi5, and Boi; ’=°9B> because*the cotumn 
is a supporting sway column. The difference is minimal, 
suggesting that the moment-correction" factor B,55°is 
insensitive to the assumption of mid-span inflection 
points. In fact, this should have been expected because in 
the case of a supporting sway column, the moment-correction 
factors only vary in a small range of 0.81 to 1.0 (Sect. 

Ooo .0)% 

The deflection magnifier obtained from the storey 
magnifier method (Eq. 6.31) is also compared with the exact 
a/ag in Fig. 7.2(b). Although an average flexibility factor 
of 1.10, which is roughly estimated from Table 6.2, is used 
in the storey magnifier method, the difference from the 
exact a/ag is very small. If anSindividual ®flexibibity 
factor were used for each column, the two curves would be 


indistinguishable. In fact, this demonstrates the argument 


that the basic assumption of deformed shape (RGG* 6UhGh 2p 
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certainly valid for supporting sway columns, as implied by 


the conclusion in the preceding section. 


7.3 Low-rise multistorey structures 
7.3.1 Problems 

| The storey magnifier, frame magnifier, overturning 
moment, and ACI methods are evaluated in this section. The 
most significant assumption in each of these methods 
concerns the vertical relationship between storeys. (Note 
that the other assumptions have been shown to be valid 
within practical values of f, in previous sections.) The 
errors resulting from this type of assumption are examined 
in the following paragraphs for each method in the realm of 
low-rise structures. An attempt will also be made to 
determine the applicability of each method. 

As part of the investigation, the assumption concerning 

the vertical relationship made in the moment-correction 


factors will also be examined. 


7.3.2 Structures studied 
The multi-storey structures shown in Fig. 7.3 are used 
in attempting to solve the problems stated in the preceding 


Section. The structure in Fig. 7.3(a) has stiff beams. The 


shear-wall structure shown in Fig. 7.3(c) represents an 
extreme case of completely flexible beams. The shear wall 
bends into single curvature within each storey. An 


intermediate case is represented by the structure shown in 
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Fig. 7.3(b), where the beams are weak relative to the 
columns. 

The loadings in each structure are also shown in Fig. 
7.3. The ratios of the axial forces in the columns are kept 


constant during loading. 


7.3.3 Results 
(a) Strong beams 

In Fig. 7.4, the deflection magnifiers obtained from 
the approximate methods for the structure with the strong 
beams (Fig. 7.3(a)) are compared with the exact values of 
a/ao in each storey. The results are plotted as a function 
of the axial forces in the columns. Since the axial loads 
are in a constant ratio, points corresponding to a given 
stage in the loading history plot on the same vertical line 
in all three parts of Fig. 7.4. An average flexibility 
factor of 1.15, which is estimated from Table 6.2, was used 
in the approximate analyses. The exact curves indicate that 
the ratio a/ag in one storey is markedly different from that 
in the other storeys, and therefore the overall magnifier 
given by the frame magnifier or overturning moment method 
fails to give generally good results. The storey magnifier 
method has the best agreement with the exact solutions. If 
it is assumed that the maximum value of f, should not be 


greater than 1.5 in any storey of the structure, the 


agreement is excellent. The ACI method is not as good as 


the storey magnifier method but it gives reasonably good 
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Fig. 7.4 Approximate vs. exact results for a low-rise structure 
with strong beams 
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results. The above situation occurs because each storey of 
the structure behaves quite independently of other storeys 
due to the strong beams. The lateral stiffness of each 
storey is essentially the same as the other storeys, but the 
total vertical load changes from storey to storey. 
Consequently, the geometric effects in each storey are 
different from other storeys. 

In Fig. 7.5, the column maximum moments, which occur at 
the ends of the columns, are compared with the values of 
Bas a/ a0 based on exact a/ag- The agreement is good. This 
indicates that the assumption regarding the vertical 
relationship made in the moment-correction factor sky JS 
valid for the structure with stiff beams. In effect, this 
demonstrates the discussion made in Sect. 6.8.4 concerning 
the assumptions concerned. The same conclusion can be drawn 
for M, (the smaller end-moment in a column) although it is 


Meteeshiown in’ Fig. /.5. 


(b) Weak beams 


In Fig. 7.6, the deflection magnifiers from the 
approximate methods for the structure with weak beams (Fig). 
7.3(b)) are compared with the exact values of a/ag- An 


average flexibility factor of 1.05 (Table 6.2) was used in 


the approximate analyses. (In the storey magnifier method, 


y = 1.20 was used for the bottom storey.) It is shown that 


at a given stage in the loading of the frame, the ratio a/ag 


in one storey is very close to that of other storeys. The 
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Fig. 7.5 Evaluation of the moment correction factor for a 
3-storey frame with strong beams 
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Overall magnifiers given by the frame magnifier method or 
the overturning moment method agree closely with the exact 
values of a/ag- The storey magnifier method is generally 
less accurate. The ACI method is shown to be the worst and 
the errors are considerable. The above situation results 
from the occurrence of vertical interaction (Sect. 5.3) in 
which the laterally stiffer storey (storey 3) assists the 
weaker storey (storey 2). 

It is of interest to compare the storey magnifier 
method and the ACI method. Although both methods are 
inclined to be accurate for frames with stiff beams, the 
storey magnifier method is shown to behave much better than 
the ACI method in this case of weak beams. This is because 
the ACI method requires the additional assumption of 
idealized end-restraints for each column, as mentioned in 
Sect. 6.7 (see Fig."6.16). For £, (from the exact a/ap) 
less than 1.5, the errors of the values from the storey 
magnifier method are shown to be less than 7%, which may be 
considered acceptable in many cases. The errors of the ACI 
method, however, are considerably larger than those in the 
storey magnifier method. 

In Fig. 7.7, the exact values of a/ag, M,/Mo, and 
Mo/Mo2 are plotted for each storey. In the bottom storey 
(storey 1), the maximum moment which in this case is equal 
to Mj can be very accurately predicted by Byay°a/ag based on 
exact a/ag. In the top two storeys, Bj and «Bra yu \nereae as 


= Bo) are almost equal to 1.0. Thus the accuracy of the 
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Fig.7.7 Deflection and moment magnification from a 3-storey frame 
with weak beams 
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Borax? a/ao approximation can be seen by comparing the a/ag 
curves with those for Mj/Mo9 and M,/Mo,- The end-moments in 
the top two storeys are very close to a/ao as predicted 
except M,/Mo1 in the top storey. To explain the discrepancy 
of the exceptional case, the assumption of Ma eM rea 
6.15) made in Sect. 6.8.4 needs to be recalled. Although 
the assumption that the ratio a/aj is equal in all the 
storeys is fairly well satisfied in this case, the small 
value of M, in the top storey, which is about 1/4 of the 
moment My at the other end, is relatively sensitive to the 
deviation from this assumption. The small value of Mi, 
however, plays a much less significant part in the design of 
the column since the maximum moment in the column will 


dominate the design. 


(c) Completely weak beams 

inaPig. 7.8, the deflection magnifiers, trom the 
approximate methods for the shear-wall structure (Fig. 
7.3(c)) are compared with the exact values of a/ap and 
Mo/Mg9- The symbols P and EI (implied in N,) in Fig. 7.8 
refer to those in Fig. 7.3(c). An average flexibility 
factor of 1.0 was used. The ACI method is unable to handle 
this type of structure, and therefore it is not shown in the 
figure. Note that this structure (Fig. 7.3(c)) cam be 
exactly analyzed using the modified iterative method 
with y = 1.0. From Fig. 7.8, it can be seen that the values 


a/ag are very close in all the storeys. The overall 
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Fig. 7.8 Approximate vs. exact results for a low-rise shear wall 
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deflection magnifiers given by the frame magnifier method 
agree very well with the exact values of a/ao, while those 
given by the overturning moment method are less accurate. 
This is because the overturning moment method involves more 
assumptions than the frame magnifier method, as mentioned in 
Sect. 6.6 (see Fig. 6.16). The storey magnifier method is 
not acceptable in this case. 

The values of the moment-correction factors are equal 
to 1.0 for this case, and therefore the column moments are 
assumed* equal to f.Mg- As explained in the previous case 
(Fig. 7.7), the smaller values of moments are less 
accurate. The largest error occurs at the top storey in 
which My is about 1/6 of the moment at the base. 
Néverthelessrefor £. < 125, the error is less than 8% which 
may be considered acceptable due to its small value relative 


to the bottom moment in the case of a shear wall. 


7.3.4 Concluding remarks 
Several conclusions can be drawn from the above 
investigation for the low-rise structures studied: 
1. When the beams become more flexible, the values of 
a/ag in all the storeys tend to be closer. 
2. For a structure without any distinct shear walls, 
the storey magnifier method may be used with 


sufficient accuracy if f, is limited to be less than 
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3. For a structure with distinct shear walls, the fram 
magnifier method may be used with sufficient 


Sceuracy jie a is limited to be less than 1.5. 


7.4 High-rise multistorey structures 
7.4.1 Problems and structures studied 

This section extends the investigation stated in Sect. 
7.3.1 into the realm of high-rise structures. It is 
apparent that there is little need for further study on 
structures with strong beams which can be handled 


effectively by the storey magnifier method or the ACI 


Aes 


e€ 


method. Therefore, the emphasis in this section is given to 


structures with weak beams. The following five structures 
are considered: 

Structure A (Fig. 7.9) - This 24-storey frame is 
characterized by a constant beam size throughout the 
height. As a result the relative stiffness of the beams is 
smallest in the lower storeys. The exterior columns in the 
bottom storey are bent into single curvature. 

Structure B (Fig. 7.10) - The 24-storey frame is 
attached to a shear wall of constant stiffness. It is of 
interest to observe the effect of the shear wall-frame 
interaction, and therefore the shear wall is made quite 
flexible. It carries about 50% of the lateral loads. 

Structure C (Fig. 7.11) - The 24-storey frame is 
attached to a flexible shear wall of two discrete 


stiffnesses. The EI of the upper half of the shear wall is 
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Fig. 7.9 Structure A: A frame with weak beams at 


the bottom 
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Fig. 7.10 Structure B: A frame with a flexible shear 
wall of constant stiffness 
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Fig. 7.11 Structure C: A frame with a flexible shear 
wall of two discrete stiffnesses 
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half of that for the lower half of the shear wall. 

Structure D (Fig. 7.12) - The 24-storey frame is 
attached to a discontinuous flexible shear-wall. The upper 
eight storeys are not attached to the shear wall. 

Structure EXPig. 72's) —Whis 24-storey frame is 
characterized by very strong columns (or very weak beams) in 
the lower storeys. The columns in the four bottom storeys 
are bent into single curvature as shown by the first-order 
bending moment diagram in Fig. 7.13. In the region of the 
lower storeys, the strong columns are essentially 
indistinguishable from a shear wall. 

In the analysis of the above structures, the effects of 
the joint width of the shear wall were neglected by the use 
of hinged link beams. This assumption does not introduce 
serious errors because the load effects will be non- 
dimensionalized by dividing by the first-order load effects. 
As a result, the errors due to neglecting the joint-widths 
in both load effects are offset. 

Since a limit of £, < 1.5 was’ established in the 
previous section, the loadings were selected so that the 
largest values of f, would be in the VECIDICY. Of (1.5. eet OL 
the structures and the loading selected, all the columns are 
supporting sway columns, and therefore the maximum moment in 
a column occurs at the end, i.e., Mj, = Mg- In all cases 
the moment-correction factors for the strucures studied were 
close to 1.0, and therefore the column moments in the 


approximate analyses have been assumed to be equal to f£.Mo- 
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Fig. 7.12 Structure D: A frame with a flexible 
discontinuous shear wall 
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Fig. 7.13 Structure E: A frame with very strong columns (weak beams) 
at the bottom 
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7.4.2 Results 

In all cases the average flexibility factor y has been 
taken equal to 1.05 in the approximate methods in these 
comparisons, except that y = 1.20 was used in the bottom 
storey in the storey magnifier method to recognize the fixed 
base of the columns. 

The results for structure A are shown in Fig. 7.14. 
The bounds of M,/Mo., which are not shown in the figure, are 
similar to those of Mj)/Mo2 shown in the figure. Similarly, 
a/ao also follows closely with Mo/Mg2- It is apparent from 
Fig. 7.14 that the storey magnifier method produces very 
good results. The ACI method also gives good results except 
at discontinuities such as at the bottom storey, and at the 
storeys where the column stiffness changes abruptly. The 
discrepancies, obviously, are due to violation of the 
assumption regarding the vertical relationship made in the 
ACI method. The frame magnifier and overturning moment 
methods are unacceptable in this case. 

The results for the frame in structure B are shown in 
Fig. 7.15. The values of M,/Mo,, which are not shown in the 
figure, are similar to those of Mo/Mo2: From Fig. 7715. ie 
can be seen that the values of a/ag are very close in all 
the storeys. The overall magnifier given by the frame 
magnifier method or the overturning moment method agrees 
very well with the exact solutions. The storey magnifier 
method does not give good results. The ACI procedure cannot 


be applied to the sway moments of this structure. 
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Fig. 7.14 Approximate vs. exact solutions for Structure A 
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in Structure B 
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The bending moments in the shear wall of structure B 
are shown in Fig. 7.16. In this figure mM, is the sum of 
the overturning moments of the lateral loads about the base 
of the structure. The results predicted by the frame 
magnifier method (or the overturning moment method) agree 
sufficiently well with the exact solutions. The accuracy of 
the storey magnifier method is good except at the bottom 
levels at which the bending moments are largest. 

For structure C, the results from the approximate 
analyses are compared with the exact a/ag in 6772.58. Le 
values of a/ag are also considered representative of the 
moments in the columns and in the shear wall. Similar to 
the observations for structure B, the frame magnifier method 
or the overturning moment method gives acceptable results, 
while the storey magnifier method gives less accurate 
results. 

The results for structure D are shown in Fig. 7.18. 

For the upper part of the structure which does not have the 
shear wall, the storey magnifier method gives very good 
results. For the lower part which is attached to the shear 
wall, the frame magnifier or overturning moment method gives 
better estimates. 

The results for structure E are shown in Fig. 7.19. In 
the bottom storeys where the columns are bent in single 
curvature, the storey magnifier method is quite 
significantly unconservative, while the ACI method is very 


over-conservative. In the other storeys where inflection 
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Fig. 7.16 Bending moments in the shear wall of Structure B 
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Fig. 7.17 Approximate vs. exact solutions for Structure C 
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Fig. 7.18 Approximate vs. exact solutions for Structure D 
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points occur within each storey, the storey magnifier method 
gives reasonable results. The ACI method errs considerably 
at the storeys where the column stiffness changes. The 
frame magnifier or overturning moment method is not 


acceptable’ for this’ case. 


7.4.3 Concluding remarks 

Two specific conclusions can be drawn from the above 

study for high-rise structures subject to Beew leon 

1. If an inflection point exists at or between the 
ends of each column in a given storey, the storey 
magnifier method may be used for that storey. 

2. For a structure with a distinct shear wall 
extending from the base to the top of the 
structure, the frame magnifier method or the 
overturning moment method may be used. 

It is apparent that the above two conclusions are very 
similar to those made in Sect. 7.3.4 for low-rise 
structures. 

The term ‘distinct shear wall' is mentioned above and 

in Sect. 7.3.4. A distinct shear wall is defined here as a 
stiff vertical element which has only one point of 
contraflexure (Fig. 7.16). It also includes the condition 
when there is no point of contraflexure (Fig. 7.3(c)). For 
those structures which do not belong to the categories 


defined by the above two conclusions, none of the storey 
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magnifier, frame magnifier, overturning moment and ACI 


methods can give generally good results. 


7.5 Proposed methods 

The proposed methods and the corresponding conditions 

areias follows: 

1. If an inflection point occurs at or between the 
ends of each column in every storey of the 
structure, the storey magnifier method may be used 
provided the maximum value of fawin the strpueture 
is less than 1.5. 

2. For a structure with a distinct shear wall 
extending from the base to the top of the 
structure, the frame magnifier may be used provided 
fe iseiessethangl Dd. 

3. For conditions different from the above, the 
modified iterative method or modified negative 
brace method should be used. 

Note that the moment-correction factors are included in the 
above methods. The reasons that the frame magnifier method, 
rather than the overturning moment method, is suggested in 
the above are the wider applicability of the frame magnifier 
method (the overturning moment method cannot be applied to a 
structure with unequal column heights in the bottom storey) 
and its generally better accuracy. 

Although structures with inclined bracing elements, 


which are assumed pin-ended, have not been examined in this 
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chapter, the storey magnifier method can also be used for 
this type of structures provided the conditions stated in 
the above point 1 plus the condition that the sway 
deflections due to the axial deformations of the columns are 
insignificant relative to the flexural deflections are 
satisfied. In the case that the sway deflections induced by 
axial deformations of the columns are dominant (commonly 
called cantilever action), the storey magnifier method, 
which assumes that each storey behaves independently of 
other storeys, may not be applicable because the increase in 
the axial forces in the bracing elements in one storey due 
to the geometric effects will increase the axial 
deformations of the columns in the other storeys. If 
cantilever action dominates, the modified iterative method 
or modified negative brace method should be used and the 
effect of axial deformations should be included in the 


analysis. 
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8. PROCEDURES FOR SECOND-ORDER ELASTIC ANALYSIS 


8.1 Introduction 

Once sway moments and non-sway moments have been 
computed in a frame, they must be combined before the 
columns can be designed. The major difficulty arises from 
the fact that the column end-moments in the non-sway frame 
are not Exactly known (Sect. 4.5.3). A rational method, 
which is more accurate than the current design approaches, 
will be proposed in this chapter. The effects of 
deflections due to gravity load moments and out-of-plumb 
construction will be included in the second-order analysis 
in a practical way. The balance of this chapter summarizes 
the findings and observations from this study in the form of 
step-by-step procedures for second-order analysis, and 
proposes modifications to the current ACI Code (1977) 
procedure if the current effective length approach is 


desired to be retained. 


8.2 Combination of non-sway and sway moments 
8.2.1 Current approaches 

Basically, there are three current approaches of 
combining the non-sway and sway moments. The first approach 
is the one recommended in the current ACI (1977) or AISC 


(1978) Code. The maximum moment, M,,,y, in a column of an 


unbraced frame is given by: 
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Os)2 (864) 


where f, is the sway magnifier, Mons is the first-order end- 
moment of the column from the non-sway analysis, and Mos is 
the first-order end-moment from the sway analysis. Note 
that the summation of the two end-moments is performed at 
each end of the column and the numerically larger value of 
the two ends, denoted by the subscript 2, is used. This, 
obviously, is not a rational approach because the sway 
magnifier is only applicable for Mo, (Chap. 6). 

The second approach, suggested by Gouwens (1976), is to 


combine directly the non-sway maximum moment, M and 


ns,max’ 


the sway maximum moment, M of a given column, namely: 


s,max’ 


Max Mis,;max . Ms jmax (8.2) 
This is a conservative approach since the summation of the 
two maximum values must be greater than or equal to the 
actual maximum moment. The same approach is suggested by 
Ford, et al. (1981) for reinforced concrete columns. This 
approach, however, may be overconservative in certain cases 
when the two maximum moments occur in different sections and 
the two values are comparable. This will be demonstrated in 
Sect .48.2.2. 

The third approach is based on the assumption that C 
and S effects can be neglected. As a result of this 


assumption, the non-sway end-moments are equal to the first- 
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order values. The sway end-moments can be obtained from the 
approximate methods of sway analysis by considering the 
flexibility factor and the moment-correction factors all 
equal to 1.0. This simplification is consistent with the 
assumption that the C and S effects can be neglected. 
Consequently, the end-moments of the non-sway and sway 
frames can be added algebraically at each end of the 

column. Once this is done, the maximum moment in the column 
with the known end-moments can be determined as in a pin- 
ended column (Sect. 4.5.2). This approach can be expressed 


as: 


(S73) 


Were wr lj. is the end-moment from the approximate method 
of second-order analysis for sway frames and the subscript 1 
refers to y = 1.0. The term 6 is the moment magnifier for a 
pin-ended column, and can be determined according to Eq. 4.2 
with Mo equal to the sum of Mong and £5) Mog- This approach 
appears to be first mentioned by Iffland (1972) for use with 
the iterative method (Sect. 6.1). MacGregor and Hage (1977) 
also adopted this approach for use with other approximate 
methods of second-order analysis. 

According to the principle of superposition that the 
load effects should be superimposed at the same section, the 
third approach (Eq. 8.3) is more rational than the second 


one (Eq. 8.2). Nevertheless, the second approach can take 
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into account the C and S effects, which the third approach 
cannot. The approach proposed in the next section is 
similar to the third one, satisfying the principle of 
Superposition, while an attempt will be made to include the 


C and S effects. 


8.2.2 Proposed approach 

A method of combining the non-sway and sway moments is 
developed schematically in Fig. 8.1. This procedure is 
conceptually simiiar to that shown in Fig. 6.15 in demiving 
the moment-correction factors. A frame subjected to 
external moments, lateral loads and column axial forces is 
shown in Fig. 8.l(a). In Fig. 8.1(b) the same frame, 
subjected to external moments only, is braced against sway 
with lateral deformations, a, equal to those in the original 
state of loading (Fig. 8.l(a)). This frame can be 
decomposed into a non-sway frame subjected to external 
moments and a laterally deformed non-sway frame with forced 
deformations a, as shown in Fig. 8.l(c). Therefore, it can 
be seen that the column end-moment of the frame in Fig. 
8.1(b) is equal tosthe sum of Mp,~g and Mg- The term Mg is 
the same as in Fig. 6.15, and therefore it can be obtained 
from the modified iterative method or the modified negative 
brace method. For other second-order analysis methods which 
give the deflection magnifier f,, Mg is assumed equal to 
£.Mog, as done in Sect. 6.8.4. Since preference is given to 


the storey magnifier method or frame magnifier method (Sect. 
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Fig. 8.1 Schematic development of the proposed approach for combining 
the non-sway and sway moments. 


7.5), the general term M3 will be replaced by £.Mg which 
corresponds to the definition of the moments from the 
modified iterative method or negative brace method. When 
the frame in Fig. 8.1(b) is subjected to the column axial 
forces (Fig. 8.1(d)), the resulting load effects are 


identical with those in the original state of loading. 
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Therefore, it can be seen that the maximum moment ie ine 


column can be given by: 


where OF is the moment magnifier for the restrained non- 
sway column with given first-order end-moments. The 
approximate formula for ous suggested in Sect. 4.5.4 (Eq. 


4.27), is, used here with, Mp.equal to the sum of Mo,,g and 


£5Mo,- Note that the summation is performed separately at 


(8.4) 


each end of the column and the numerically larger value for 


the two ends (denoted by the subscript 2 in Eq. 8.4) is 
multiplied by aac 

Theoretically, the approach developed in the above 
entails no assumptions other than those required in the 


approximate methods for the analysis of non-sway and sway 


frames. In other words, if 6,, and f.Mo, were exact in the 


non-sway and sway analysis, respectively, the Ma LuecofaM ... 


given by Eq. 8.4 would also be exact. From Chapter 4, it 


has been shown that the proposed formula for 6,. (Bo. £43.22) 


is not a very accurate approximation which tends to be 
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conservative. This is the major source of errors in this 
approach, and will be discussed in the following paragraphs 
for two cases. First, the limiting case of Mons edulal® to 
zero is considered. Second, an intermediate case with Mone 
equal to Mos is studied. It should be noted that the 
limiting case of Mos equal to zero has been discussed in 
detail in Chapters 3 and 4. 

When Mong 18 equal to zero, one theoretically should be 


equal to the moment-correction factor B defined in Sect. 


max 


6.8.3. Compared with B44, given by Eqs. 6.53 to 6.56, One 


errs on the conservative side because os is always equal to 


oreoreater ‘than 1.0 while? Bs, is less than 1.0 “income 


x 
cases. On the other hand, oe is simpler to calculate than 
Bax: In the same manner as Bax! ONE takes into account 


the possibility that the maximum moment may occur away from 
the end for a heavily loaded column. Note that end- 
rotational restraints of the beams implied in Ors is 
2EIp/Lp. This has been shown to be a desirable assumption 
for a heavily loaded column in Sect. 6.8.4. 

For the case Of Mong equal to Mog, the proposed 
approach is examined with the help of an example shown in 
Fig. 8.2. The example is intended to represent a typical 
interior column in a large multistorey frame. The column is 
symmetrically restrained with end-restraints defined by 
2EIp/Lp in the non-sway analysis and 6 EIp/Lp_ in the sway 


analysis as assumed in the ACI method. The non-sway column 


is bent into symmetrical single-curvature by the external 
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Fig. 8.2 Combination of the non-sway and sway moments 
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moments, and therefore the maximum non-sway moment always 
occurs at mid-height. The maximum non-sway moment Mus,max’ 
which is non-dimensionalized by dividing by the first-order 
end-moment Mong, is plotted in Fig. 8.2(a) as a function of 
the column axial force. Using the same concept as in the 
moment=correction sfactors "(Sects 6°9873)pcthe tratio 

Meena! faMoe for the sway column is also shown in Fig. 
8.2(a). For the range of axial forces considered, the 


maximum moment M occurs at the end. 


s,max 
In Fig. 8.2(b), the results of combining the non-sway 
and sway moments are presented for Mong = Mog- The sway 
magnifier <fo-/is kept equal to a constant value of 1:5 as the 
axial force increases. This implies that the column sway 
deflection is held constant as N/N, varies as was done in 
Sect. 5.2.2. From Fig. 8.2(a), it can be seen that the non- 
Sway moment magnification ranges from 1.0 to about 2.5. The 
results from the direct combination of the non-sway and sway 
maximum moments (Eq. 8.2) and the proposed approach (Eq. 
8.4) are compared with the exact maximum of the combined 
moments, Ms, in KFigy: 8.2(b) erclnitiabhy? 2the tmaxamum 
moment decreases as the axial force increases although the 
non-sway maximum moment increases from the outset. This is 
because the maximum of the combined moment still occurs at 
the end, even though the non-sway end-moment My, is 
diminished by the axial force. With further increase in the 
non-sway maximum moment due to the increase in the axial 


force, the maximum moment is forced away from the end, as 
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shown in Fig. 8.2(b) where Mnax Geparts from Mo. 
Thereafter, the maximum moment increases. This whole 
process is completely ignored by the direct combination of 
the non-sway and sway maximum moments, which is extremely 
conservative for this case. The proposed approach, which 
theoretically takes into account this process, gives much 
better results, -although it «too tends to be conservative at 
certain values of the axial force. 

As a conclusion, it may be stated that although the 
proposed approach gives somewhat conservative results, it is 
more rational and more accurate than the current approaches 


bSects 18.4.2 <2). 


8.3 Deflections due to gravity load moments 

In Sect. 2.6, where the principle of superposition was 
discussed, it was shown that the holding forces resulting 
from the gravity load moments in the non-sway frame (Fig. 
2.9) must be added to the actual lateral loads when the sway 
frame is analyzed. The holding forces are assumed herein to 
be equal to those from a first-order analysis of the non- 
sway frame, thereby neglecting the C and S effects. This 
assumption is based on the normal condition that the 
internal moments resulting from the holding forces are small 
compared to the lateral load moments or the gravity load 
moments. As a result, the errors resulting from this 


assumption are considered relatively insignificant in 


design. 


5 i) 
Vil-ate 29k S 


fo bciw 


mm eav io 
‘is ov hravasenso a0 oF ‘eve 
{+ “enoiris tate -eatade 


4% ,awiiuasey evitauapenoo 


etnenon Heal 


atiw stots: 7igme! Mo Bitters wee e2Sty satel donk - 
ptiibiesd Seti. ails rae mary | ac 
ovis wd aaistnan Saal wtivery: odz'e : 
lft doe oft, et bebher ed; 


otetvesatt “suet 


Pca) smETS YEW aon 
yews ott usc ebBedl Dears. 


Slory, aie -gegss tant dapat 
not tanidmes t608aH 68) yl hesome.’ Chae 
ak POE 0, at caer ested at yews 
aot ages eHiP 
waciitell sive sryesps: otab, samieey 


inenveo of2 ned? sth otc. Hake: 


. sudo. ahd sok 


MM dpsodtia ss 
ante? Letee wed sasseaian 
ach, yer td ie kee Lane 8 
Sasatbngeratyy sal latin 5 


cols Fe 


vi tvs te oe wok ; 


Gi afeved bemuess ote) ato? exviiiod eft) eagians & 


“vor aft to ateyiats 
ahi? ..asoeadie, e-his: 3 si 
Sit dant nezgoe BO. 
ifame..ss5 2so303 
feel ysivecep 
eli mox> 


mebrokaatae & maxt sean? oF 


etitivens ators ath «eit S24) sednomom 7 
mi tmsli*inpiont ylevissieu Sedeicenom ems aolsquieas 
 (sttpheab’ : 


avy yt 


mais9 vlog Waereds. -2n0 73 awe 


;— 


! eafitacay-eift aa bonmd: & 2a a 
getbiod sid neee onta Smee ajaomom Ienxetih 
eft 10 elaemem béeotl femme edt. of borsqmoo 


is \ 
7 


of) [_ 


2dr 


Frequently, it is more convenient to perform a first- 
order analysis for gravity loads without bracing the 
structure against sidesway. The results of such an analysis 
can be used in the load superposition by following the 
procedure described below. For simplicity, this procedure 
is derived using a single-storey frame, but it can be 
generalized to apply to multistorey frames. 

A single-storey frame, subjected to external moments 
only, displaces a distance 80g: It is then braced against 
further sway while the column axial forces are applied, as 
shown in Fig. 8.3(a). The first-order moments in the 
resulting non-sway frame are those obtained from a first- 
order gravity load analysis of the frame without bracing the 
structure against sway. This frame can be decomposed into 
the two frames shown in Figs. 8.3(b) and (c). The frame in 
Fig. 8.3(b) is a non-sway frame, subjected to external 
moments and column axial forces, with a zero displacement at 
the joint. .The holding forcefin this frame 1s denoted™ by 


V The frame in Fig. 8.3(c) is a non-sway frame, subjected 


g° 
to column axial forces, with an imposed displacement of Adg 
at the joint. The holding force is denoted by Viewinetiis 


way, the holding force V, in the original frame (Fig: 


S.cGa)) Ts equal tos 
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Fig. 8.3 Holding shears in a non-sway frame with 
imposed displacements 
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For the frame shown in Fig. 8.3(c), the column axial 
forces are assumed to be replaced by a horizontal load equal 
to (ZyN/L)ag, (Fig. 8.3(d)) where £5 denotes summation for 
all the columns in the storey. This can be derived based on 
the same assumption and method as in the modified iterative 
method (Sect. 6.2) except that a is replaced by A0g° 
Consequently, the holding force V (Fig. 8.3(c)) is assumed 


equal to: 
Bias) ao (ene) 


where Vog is the first-order value of Vg Chirosee 3 Gb) 9 By 
substituting Eq. 8.6 into Eq. 8.5 and making the assumption 


that {Vise = Vo 


g asmdiscussed (before, Veins ttherefore gequaitira: 


vi = (2 &) 2og (8.7) 
which is the horizontal force which must be added to the 
actual lateral loads in the sway analysis. To apply Eq. 8.7 
to a multistorey frame, the holding force V, should be 
termed as holding shear which is added to the lateral load 
shear in the sway analysis. In other words, the total 
lateral load at a given floor level is equal to the actual 
lateral load plus the algebraic sum of the holding shears V, 
(Eq. 8.7) from the storey above and below the flioon «ethis 


is similar to the sway force in the iterative method (see 


Big «+6).1).. 
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In the modified iterative method (Sect. 6.2), the 
holding shears can be included more conveniently by writing 


the modified N-a shear rV. (Eqe 618)as: 


EVoOr= (zy i) “(ata 


L ) (8 .8) 


Og 
Note that the term ‘a' still represents the final value of 
the* deflection of “the * structure. 

In the storey magnifier method (Sect. 6.4), the 
procedure can be simplified. For a single-storey frame 
subjected to the lateral load shear plus the modified N-a 
shear as assumed in the storey magnifier method, the 
deflection is directly proportional to the horizontal load 
applied at the joint. Noting this condition, the following 


relation, based on Eq. 6.33, can be derived: 


a 
a Og 
— =f .,+ (f.,- 1) —= (8.9) 
Aon sH sH Bor 
where 
£ a 1 
Hs hoa (ZyN/L)ay (3220) 
fess ree Oi 
EV, 


The terms apy and 2V,, represent the first-order storey 
displacement and the total storey shear, respectively, 
produced by the actual lateral loads H only. Similarly, the 
value of £.Mos in the analysis for the sway frame subjected 


to the lateral loads and holding shears can be assumed equal 
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BOs 


(8.11) 


where Moy is the moment from a first-order analysis of the 
frame subjected to the actual lateral loads H only. 
Equation 8.11 is also applicable for the ACI method (Sect. 
6.7) except that Esq ispequal .to.fg .given«by -Eq.:6.45.s(or 


cum 24. 7... 


8.4 Out-of-plumbs 

In real structures, the centroid of ‘the top of a column 
frequently is not directly over the centroid at the other 
end due to construction errors. In other words, columns are 
frequently '‘out-of-plumb'. As a result, the gravity loads 
acting through the initially inclined columns generate 
additional forces within the structure. Although the 
current ACI Code (1977) does not require consideration of 
this effect, other design regulations do. Beaulieu and 
Adams (1977) have done an extensive review and investigation 
of this area. Based on their work and limited measurement 
of concrete structures, MacGregor (1979) has proposed a 
simple design formula for the magnitude of the out-of-plumbs 
in concrete structures. 

For design purposes, all columns in the same storey are 


generally assumed to lean in the same direction with the 


same amount of out-of-plumbs. Based on this assumption, the 


aff 2o staybate Webyoheekt # — seen ite hus “ 
vino  weded fetetse Tendos, att inate 
.dpet) BoA FOR" sie kei oidteot inde cots st joe 


Oo) Cod op ye neree m ot), beng PE: gh: 448%; 
/ 


a.) 
ta 


Sn an 
w> Oe 


iniogs « to cetveds ta. Ros teae ied Lagaudouata, 
jerto a3 ODAAS shh avo vidoe fon at 
ets .semyion , 2bidh Sib es 8 arom svigoussence ook 
ebsol ytive ss. of Mure 6) ae, "cos he Bah, nee 
sisizanse annvhes Begllont i Lesteend ont fiewotd? 

eft puoi DS) | + aeons ete al cht Bee: mao t02. tanota) 

to soirtassbibsos Gwigtett tom ech. enyenh ebed IDA : 
kine wt Livesd ae. Set ietiiews notedh wedto . 22: 


noitepizasvai- bag ween, ovlase te. ideal encb avast (eres, 
taametiescmn fodkmiii has Adcom, thet ao: besep 1078, 989 30° 
s beacqo1g., eed teen) Jope4Ooet \eetoapuate ese ronon 10” 
sieniite-d023 tic sii Zo My cota siz st sihettze? opleed 


e256 YOtose .smse ects. 1h) an leS (fa _ SSag mpteeh Ro a 
mf? iw oolttoNtth) sise Sd a ace hd hemueas YLIGTSRSR: | 
e432, catagqo ses ahity, 910 beecs - acaba ton 20 20 Javoms smse 


a 


Zoo 


inclusion of the effect of out-of-plumbs in the second-order 
analysis is derived in the following paragraph. 

Assume that fictitious external moments acting at the 
joints of a structure can produce the prescribed initial 
out-of-plumbs. It is understood that the first-order 
moments caused by these fictitious external moments do not 
exist, and therefore only those caused by the column axial 
forces acting through the out-of-plumbs are considered. The 
methodology follows the one for the gravity load deflections 
SSect¢ae8es) fecIne Fig. Sseéseathe term A0g is replaced by A0p 
which denotes the initial out-of-plumb for any storey. 
Consequently, the holding shear, which should be added to 
the lateral load shear in the sway analysis of an initially 
undeformed structure, is equal to (ZyN/L)ao,, for a storey. 
Note that the real first-order moments in the non-sway frame 
(Fig. 8.3(a)) with the lateral displacement equal to €op are 
equal to zero. The additional moments caused by the column 
axial forces in the non-sway frame are assumed negligible. 

In short, the out-of-plumbs are included in the 
analysis in the same way as the gravity load deflections. 

In other words, the term agg in Sect. 8.3 is simply replaced 


by (agg + a0p) in the sway analysis. 


8.5 Summary of the proposed procedures for second-order 


analysis 
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8.5.1 Introductory remarks 

This section summarizes the proposed procedures for the 
second-order analysis of an elastic structure subjected to 
gravity loads and wind loads. The essential equations will 
also be repeated. While the approximate second-order 
analysis is based on the modifications to the first-order 
analysis, the first-order analysis should include the 
effects of axial deformations of columns, foundation 
deformations and where necessary, finite joint widths. The 
resistance factors ( factors) will not be mentioned in the 
following procedures, but the 6 factors should be included 


in design according to the design regulations. 


8.5.2 Storey magnifier method 

The storey magnifier method is used subject to two 

conditions: 

1. Areinfllection point occurs ait omibetweemnthne sends 
of each column in every storey of the structure 
when it is subjected to lateral loads. 

2. The maximum value of the sway magnifier f, in the 
structure is less than 1.5. For this case, f, is 
equivalent to f,, which will be defined later. 

A second-order analysis based on the storey magnifier 

involves the following steps: 

1. Analyze the structure for gravity loads to compute 
column end-moments Mog: column axial forces Nog 


and relative deflections 80g in each storey. 
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Analyze the structure for wind loads to compute 
column end-moments Mq,, column axial forces Now: 
relative deflection Aow in each storey, and the 
storey shear =v: 

Determine the out-of-plumb 20p for each storey. 


Estimate the deflection magnifier Foy EOL eae 


storey: 
SW (SyN/L)ag : 
Wad yet ates 
2A, 
Ww 


where y can be conservatively taken as 1.15 or 
roughly estimated from Table 6.2. If a more 
precise calculation is necessary, any of the 
formulae in Table 6.1 can be used. Note that in 
the case of an inclined bracing element, N is the 
vertical force component of the axial force in the 
bracing element (positive for compression), L is 
the vertical projection of the member length, 

and y is equal to 1 for the bracing member. The 
same definitions are used in the modified iterative 
method or the modified negative brace method for 
inclined bracing members. 

Determine the modified deflection magnifier ia for 
each storey: 
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Determine the column axial forces N: 
N=N.. + € ON (8.14) 


If the values of N given by Eq. 8.14 are too 
different from the estimates of N in the deflection 
Magnifiers fs5e (Eq -1 8.12), *gouback tojstepe4sand 
iterate. 

Determine the maximum moment eee ey €t-forel Cece tl bin he 


First, by »defining: 
COralS } 


Mao = (Mog + F Mo) 2 (8%.16) 


where subscripts 1 and 2 refer to the individual 


ends of a column, and Mag is numerically larger 


than M,,- The maximum moment is then given by: 
= (82199 
Mina x Ons by. 
where 
1 4+ 0.258 
5 = ,? 150 (8.18) 
ns ane 
G2 OG 04 r > O64 (8.19) 
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and the effective length factor King is the lesser 


of: 
Ss = 0.7 +° 0.05 (SG, + G,) <li 50 
(8.20) 
k =O 285 ef eO20S8G >. <1 .0 
ns Ss 


where#G.’ ts fthé~smaller of Gy) and G5. Note that eis 
the far end of the beam that is framed into the 
column under consideration is hinged or fixed, the 
beam length should be multiplied by 2/3 or 0.5, 
respectively, when calculating the corresponding 


value of G. 


Magnify the wind load moments in the beams to 
equilibrate the column end-moments, M,, given by: 

= £ 8.21 
M Brelethels ( ) 


if. °M (S22) 


where B, and Bg can be conservatively taken as 1.0 
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or the values given by Eq. 6.65 (with 99 given by 
Eq. 6.56) and Eq. 6.66, respectively, with 4 
replaced by G. Note that Mow2 1S numerically 
larger than Mow] for a given column. 

The relative deflection, a, of any storey is equal 


to. 


(S223) 


If the structure includes inclined bracing 
elements, the axial force F in a given bracing 


element is equal to: 
Pisop sire IF (8.24) 


where Fog and=Fo,, are the values°fromPthe gravity 
load analysis (step 1) and wind load analysis (step 
2), respectively. 

Because of different load factors, it is often 
necessary to consider the loading case involving 
gravity loads only. With due attention to the 
difference in load factors, the steps in this case 
follow essentially the same as above, except the 


modified deflection magnifier £. which should be 


written as: 


Op (2.25) 
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N ' 
ote that the wind load effects, Mow DMS and aoy, 
which are available from the wind load analysis 


(step 2), are fictitious for this case. 


8.5.3 Frame magnifier method 

The frame magnifier method is used subject to two 

conditions: 

1. The structure includes a distinct shear wall 
extending from the base to the top of the 
Structures 

2. the¥sewaySmagnifier £.\ is. legs than 1.5). 

A second-order analysis based on the frame magnifier 

method involves the following steps: 

1. Follow steps 1 and 3 in the storey magnifier 
method. 

2. Analyze the structure for wind loads plus the 


horizontal forces H, given by: 


2 x -26 
a _ erwil Pores (8 ) 
where 
N 
oe a ( 1) (agg ‘i 20) 


The subscript i refers to floor level OL Hs «and 


storey level for V,. The storey below floor i is 


storey i. From this analysis, the column end- 
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moments Mog, column axial forces Nogaquerative 
deflections @€gg in each storey, and the storey 
shear mV, can be obtained. 


3. Estimate the overall magnifier ies 


ae 
Ss n 2 
yey Diora 
) - isl nies (8.27) 
n 
ee, One) a 
ea) S21 Osi 


where n is the total number of storeys in the 
structure. 

4. Follow steps 6, 7, 8 and 9 in the storey magnifier 
method with Be replaced by f, and subscript w 
replaced by s. Note that in step 8, the wind load 
moments should be replaced by the lateral load 
moments. 

5. For the loading case involving gravity loads only, 
follow the same procedure as above except that the 


wind loads are neglected in step 2. 


8.5.4 Modified iterative method 

The modified iterative method (or the modified negative 
brace method, which gives essentially the same results) is 
recommended, when the structure cannot be handled by the 
storey magnifier method or the frame magnifier method. 


A second-order analysis based on the modified iterative 


method involves the following steps: 
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Follow steps 1 and 3 in the storey magnifier 
method. 
Analyze the structures for wind loads plus the sway 


forces H, given by: 


Hele) eel are (8.28) 
where 

ve, Sefrat* 

ue (x L Ja, + 20g + Ao p) 


where a, is the storey deflection from the previous 
iteration’ In? the@first mterationylaeas equal to 
agg which is the storey deflection produced by the 
wind loads plus the sway forces H, (Eq AS62686) Grn 
which the®values*orPa_vare equal eto zerone ine 
analysis" isPiterative* until the values of aleare 
converged. From the final iteration, the column 
end-moments Mg, the column axial forces N, and 
others can be obtained. 

Follow steps 6 and 7 in the storey magnifier method 
with ene replaced by N,, and fe replaced by 
Mg ° 

The column end-moments in the sway frame are equal 


O's 


(8.29) 
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Mots Be Mas (8.30) 


which are basically the same as Eqs. 8.21 and 
Sw2e .. ele By, and By are taken as 1.0, the end- 
moments in the beams are equal to those from the 
analysis in step 2. If more economical values of 
B,; and By are used (Eqs. 6.65 and 6.66), the 
moments in the beams (from step 2) can be reduced 
accordingly ~< 

The deflections of the structure and the axial 
forces in the inclined bracing elements (if any) 
can be obtained from the direct superposition of 
values from the gravity load analysis and the 
horizontal load analysis in step 2. 

For the loading case involving gravity loads only, 
follow the same steps as above except that the wind 


loads are neglected in step 2. 


8.5.5 Modified negative brace method 


The modified negative brace method is an alternative to 


Ze 


the modified iterative method. A second-order analysis 
based on this method follows the same steps as given for the 
modified iterative method except step 2 which should be 


changed to: 


Analyze the structure with an inserted diagonal 


brace of negative AE given by Eq. 6.29 (Sect; Gas) 


in each storey for wind loads plus the horizontal 
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forces H, given by Eq. 8.26. The column end- 
moments Mg, the column axial forces N, and others 


are obtained from the analysis. 


8.6 Proposed modifications to the ACI method 

If the effective length approach for the design of 
slender columns is retained, the modifications to the 
current ACI Code (1977) procedure proposed in this section 
are desirable. In addition, the definitions of 'braced' 
frames and ‘unbraced' frames, necessary in the effective 
length approach, will be discussed. The resistance factors 
for slender columns will not be considered here but they 


should be included properly in design. 


8.6.1 Modified formulae 


The maximum moment M,,, in a column is determined by: 
M = 6 M (Owais) 


where ome is a function of M,,j, Meg and others, as given by 


Bos-.cstS to.8).20; and 


= fs CSsa20 


= = (8.33) 
Mes (Mog + £.Moy) 2 


The term Mog is the first-order column end-moment due to 
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gravity loads, and Moy is the first-order column end-moment 
due to applied lateral loads such as wind loads. The 
subscripts 1 and 2 refer to the individual ends of the 
column. In other words, in each case the summation is 


carried out at the same section of the column. Note that by 


definition M,9 is numerically larger than Mais 

For a, ‘braced® frame, defined later, the value.of -. as 
assumed equal to 1.0. In most cases, Moy is assumed 
negligible for the slender columns ithe analysis of a 
braced frame, but this is not necessarily so. 

For an ‘unbraced'’ frame, defined later, the value of 


<. should be determined by: 


BOg = 20p 


(8.34) 
“OH 


€ =f + (f..- 1) 
Ss Ss Ss 


where 


ae 1 (8.35) 


a Foe 


N 
2 
(k,L) 


fs 


and Ky is the free-to-sway effective length factor, which 
s 


is a function of G, and G9, available from the conventional 


alignment chart in the ACI Commentary. The approximate 


i i 977 lso 
formulae for ke, given in the ACI Commentary (1 ) can als 


be used. If the far end of a beam framed into the column 
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under consideration is hinged or fixed, the beam length 
should, besmultiplied by 2c, 1.5, respectively, when 
calculating the corresponding value of G. The Sign = 
denotes summation for all columns in a storey. The term B0g 
is the first-order relative lateral deflection of the storey 
due to the gravity loads, 20p is the assumed initial out-of- 
plumb of the storey, and agp is the first-order relative 
lateral deflection of the storey due to the applied lateral 
loads. Frequently, the second term in Eq. 8.34 is small 
enough to be neglected when compared to the first term, and 
therefore (a can be assumed equal to f,. Nevertheless, it 
is felt that such simplification should be left to the 
designer's judgement. 

In the case of a structure with different column 
heightspin the. bottomystorey,, the. value: of, f-, for the, bottom 


storey should be determined by: 


ig 8.36 
és Papeiy _on/be AB; 382 
IN, /L 


For the loading case involving gravity loads only, the 


value of fs given by Eq. 8.34 becomes: 


a +a 
FAT ee eO ee oe (SeB7) 
s Ss Fon 


Note that the wind load effects, Moy and apy, which can be 


obtained from the routine lateral load analysis, are 


fictitious here. 
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8.6.2 Definitions of braced frames and unbraced frames 

In the effective length approach for sway frames (Eq. 
8.35) it is necessary to be able to distinguish between 
‘braced' frames and 'unbraced' frames. This is elaborated 


in the following. 


Braced frames 

Literally, a braced frame must include some type of 
bracing elements. As indicated in Sect. 6.7, the effective 
length approach for sway frames is inadequate to handle a 
frame with bracing elements. Consequently, for this type of 
frame, it is necessary that the sway deflections due to the 
geometric effects are negligible. In other words, the 
deflection magnifier f, must be close to 1.0. It’ should be 
noted that f, can never be equal to 1.0 except when the 
structure cannot sway under the action of external loads, or 
when the columns do not carry any loads. These cases, of 
course, rarely occur in actual structures. Nevertheless, it 
is a common practice that a 5% tolerance in moments is 
acceptable, and based on this a structure is assumed to be a 
'praced' structure when f, is less than 1.05. 

Two types of bracing elements are considered separately 
to derive a parameter that is used to limit f, < 1.05. The 
first type is a distinct shear wall extending from the base 
to the top of the structure. The second type is truss 
elements which are assumed pin-ended. Based on the frame 


magnifier method (Eq. 8.27), which is applicabic jftomaa 
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structure with a shear wall, a stability index O” fom a 


shear-wall structure is defined: 


a 2 
ale (ZN/L) 5 aus 
Q. err (8.38) 
Pal (Lo) Rees, 


where apy; is the first-order relative lateral deflection of 
storey i, and =Vi is the total storey shear, both due to the 
applied lateral loads. By assuming an average flexibility 
factority cequaliito, 1 abSaSeet. 6.22 43), farwin, be desssichan 
1.05 when Q, < 0.043. This can be rounded off to 0.04. It 
has been tacitly assumed that the second-order sway 
deflections due to the gravity load moments and out-of- 
plumbs are negligible. In short, a shear-wall structure is 
considered braced when Q, < 0.04. 

For a structure with truss elements or inclined bracing 
elements; it is assumed (as discussed, in Sect. 7.5) that the 
storey magnifier method can be applied. By defining the 


stability index Q, for a storey with truss elements, 


(IN/L) aon 


= (8.39) 
2. any, 


H 


and applying the assumptions similar to the above for shear- 


wall structure, efe is less than 1.05 when Q, < 0.04. u in 


other words, a storey with truss elements is considered 


braced when Qr <0. 204. 
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The stability index O. andythe limit of 0.04 are 
recommended in the ACI Commentary (1977) but Q, is also 
recommended for shear-wall structures. As shown from 


studies in Chapter 7, the parameter Q, is not suitable for 
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a 


shear-wall structure and the parameter Q, given by Eq. 8.38 


is preferred. 


Unbraced frames 

Literally, an unbraced frame must not include any 
bracing elements. Sometimes, it is, however, difficult to 
distinguish a shear wall from a column. Hence, a more 
specific definition of unbraced frames is suggested as 
follows: A storey, without any inclined bracing elements, 
is Boneidiwea "unbraced' if an inflection point occurs at 
the end or between the ends of every column in the storey 
when the structure is subjected to lateral loads only. 
Obviously, this is similar to the condition specified for 
the storey magnifier method (Sect. 8.5.2). It should be 
noted that this definition of unbraced frames does not 
guarantee consistently good results from the effective 
length approach, as demonstrated in Chapter 7. 
Nevertheless, this test indicates that if a storey is not 


'unbraced', the effective length approach for sway frames 


will give very poor results. 
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9. SUMMARY 


The primary objective of this investigation was to 
develop approximate methods for the second-order elastic 
analysis of multistorey frames. The basis of the study was 
an examination of geometric effects on the behavior of 
elastic multistorey frames subjected to gravity and lateral 
loads. Because a frame under gravity and lateral loads can 
be analyzed separately as a non-sway frame and a sway frame 
with the final force resultants obtained by superposition, 
this study was divided into three distinct parts: (a) non- 
sway frames, (b) sway frames and (c) combination of load 
effects from non-sway and sway frames. 

The behavior of pin-ended columns and restrained non- 
Sway columns was examined to show how the geometric non- 
linearity affects deformations, end-moments and maximum 
moments, and to analyze the factors concerned. The 
horizontal and vertical interaction of geometric effects in 
adjacent bays or storeys of non-sway multistorey frames were 
also discussed. 

Approximate formulae for calculating the maximum moment 
in a pin-ended column were derived and the effective length 
design method was evaluated. In the effective length method 
a restrained non-sway column is replaced by a pin-ended 
column with its length equal to the effective length of the 


actual restrained column. This pin-ended column is 


subjected to the first-order end-moments of the actual 
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restrained column. Based on these two separate studies, the 
ACI design method for predicting the maximum moments in 
single restrained non-sway columns was examined. The 
assumptions required to extend the ACI method, originally 
developed for single columns, to non-sway multistorey frames 
and the problems involved in this method were also 
discussed. Finally, modifications to the present ACI design 
method for non-sway columns are suggested. 

The geometric effects in a sway frame can be separated 
into two types: (a) the N-a (PA) effects which cause an 
increase in the lateral deflection and overturning moment in 
a storey, and (b) the C and S effects which reduce the 
lateral stiffness of a storey and cause a redistribution of 
internal forces. A single-storey frame was used to 
illustrate these two types of effects. In particular the 
redistribution of internal forces due to the C and S effects 
was examined using a laterally deformed non-sway column. 

The vertical interaction between columns in successive 
storeys was also discussed. 

Various approximate methods of second-order analysis 
for sway frames were derived and the assumptions in each of 
the methods were discussed. According to the assumptions 
involved, the accuracy of approximate methods was evaluated 


using single-storey frames, low-rise multistorey frames and 


high-rise multistorey frames. Based on these studies, 


certain calculation procedures are recommended and the 


conditions limiting the use of these procedures are stated. 
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A rational method for combining the non-sway and sway. 
moments is proposed. This method is more accurate than the 
current design approaches. The proposed method entails no 
assumptions other than those required in the approximate 
methods for the second-order analysis of non-sway and sway 
frames. A practical method of including the effects of sway 
deflections due to gravity load moments and out-of-plumb 
construction in the approximate second-order analysis was 
derived. As a conclusion the recommended methods of 
approximate second-order elastic analysis of frames 
subjected to both gravity and lateral loads or gravity loads 
only are summarized in the form of step-by-step procedures, 
and the modifications to the present ACI Code (1977) 
procedure are suggested if it is decided that the current 


effective length approach for sway frames should be 


retained. 
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APPENDIX A 


DERIVATION OF AN ELEMENT STIFFNESS MATRIX 


Let u and v be the displacements parallel and 
perpendicular to an element, respectively. The virtual work 
equation for the element shown at the top of Fig. 2.5 can be 


written as: 


if (EAu'éu' + EIv"8v")dx - if Nv'év'dx - <Q>{6q} = 0 (Ada) 
L L 

Note that the second term in the above equation accounts for 

the effect of geometry on the external work done by the 


axial force N. 
The displacements u and v may be approximated in terms 


of the nodal displacements <q> as 


cw 
| 


<> <q) aya? (A 22) 


and 


ly 
V = <b> “dor G3r A5r U6? (A.3) 
Standard linear shape functions are used for <> and cubic 
shape functions for <¢>. The shape functions are expressed 
in terms of the non-dimensional coordinate € which is 


defined as — = 2 = - 1. The shape functions are: 
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<o> = <- 5 (een ie s (E-bl.).> (A.4) 
and 
<p> = ea led 2a ie) oe 3 (Sel te-0) 2) 
L (2 2a 2 
Z TEE ad) pe B feel). etl) 42 (A.5) 


By differentiating the above shape functions, the 
derivatives of Eqs. A.2 and A.3 are obtained, before they 
are substituted into the virtual work equation (Eq. A.1l). 
After carrying out the integration and cancelling {6q}, Eq. 


A.l can be written as 


Eka atiq}t.=-{.0} 


where the element stiffness matrix [K] is given in Fig. 2.6. 


The geometric stiffness matrix [Kg] results from the second 


term in Eq. A.l. 
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APPENDIX B 


DERIVATION OF EQUATION 2.11 IN SECTION 2.5 


The following derivation is drawn heavily from the work 
of Horne (1962). Let u and v be the displacements parallel 
and perpendicular to any member respectively, and subscript 
O denotes a corresponding first-order quantity. The 
displacements can be expressed in terms of the critical 
modes uy, ve corresponding to the modified state of loading 


shown in Fig. 2.8(b): 


= u B.1 
Some. On Os. (B.1) 
1=1 
= Vv (B.2) 
ers 6 Oi Yk 
i=1 
ee rea (B.3) 
u an C; u; 
Geers. aay: (B.4) 
a at 
where Cj; and Cj; are magnitudes of the critical modes. The 


orthogonal relations of the critical modes developed by 


Horne (1962) are stated as follows: For #7}, 


5 fu, u, ax =0 (B.5) 
m L pp) 

a ee a ita tas i=¢o (B.6) 
m L te, 
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and similarly for v. The symbol © denotes summation for all 


m 


members, and L is the length of any member. 


(a) Buckling of the frame shown in Fig. 2.8(b) 


The strain energy U, during buckling in the ith mode is. 


equal to: 


me id =")2 
U, = 25 fob (vie “ax 


z 
m 


(Bha) 


The work W, done by the axial loads during buckling is given 


Byeputting.0).= Wy; 


' ge 
J Nn (v5)? dx = — 
L font 
where 
f--= { BI (7.)7 ax 
i 7 


L 


(b) Work done by the first-order 


Let any external load P (Fig. 


(B.8) 


(B29) 


(3.10) 


load effects 


2.8(a)) be divided into 


components S parallel and T perpendicular to the member. 


Where a load is applied at a joint, it may be considered as 


applied to the end of a particular member at that joint. 
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The strain energy Up produced by first-order load effects is 


equal to: 


US = EI (ve)? dx (Bv119 


ys 
m L 


and the work Wo done by the external loads is: 


Wo => Sy (ug), + 5 Ty (vo), GB sr2) 
5 x 
where 2 "denotes ‘summation for’ all loading points. “The total 
x 
potential energy Tg is given by: 
I, = U, - W (B.13) 


EQUAGEON 6 e2.4Ls, Substituted into Eq. B.l1,. and ithe 
orthogonal relation B.6 is needed to simplify the 
equation. Then Eqs. B.1 and B.2 are substituted into Eq. 
Bal25) and finally Eqs. Bil and’ B12" into Eq." 3B .13. 


According to the principle of minimum potential energy, 


= Q (CB a4) 


Eq. B.15 results: 


VU = e ; (B15) 
T (Vid, é On. 8 


where f; is given by Eq. B.10, ‘and subscript 2 denotes sie 
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jth critical mode. 


(c) Work done by the total load effects 


Simistvarly, tomPartitb), 


ih 2 
West Et (uy) as (B.16) 
m L 
* 1 rte 
Uh OTIS URL AE ISS tt Nea Kya (32) Mele wey arom di es faa GV PU9 Feet ys (Bid) 
R 2 s) Q 2 
x X m ae 


The effect of geometry (flexural shortening) on the work 


done by the axial force N introduces the last term in Eq. 


Beh? 
I=U-wW (B.18) 
6T 
= B19 
oC 0 ( 


By substituting the related equations into the above 
formulae and applying both orthogonal relations B.5 and B.6, 


the following equation is obtained: 


rat a ts 

u Er ole (aie gee ters by Ue B.20 

aks (SG), + BT el ee NIV Sox ( ) 
m be X m L 


By substituting Eqs. B.9 and B.15 into Eq. B.20 and 


rearranging the terms, the final result is derived, i.e., 


Oi (B.«21) 


Eg cool , 


my} St 


soot pel yepetio® a’ "eivalt stoneyt #8 L 
ebeke> oosnombe mpeh le: 


n~ =e 


shaped: 4 atisdi& to rave 
pf Livis’ “om 


tbenad <m@geaombS .srtedia 40. “grit 


palyosn fis 
~ eorlbaml weeegtet to ybuse ol® ancy: Sead 
“scel? tre oninee 


ahans® ret reomesg ested iA to “siauied & : 
oo tsennt tivig\ wa fi 


aids teledae bat eotslonaasAé. Ieton | 

aver | or: 
emanates 

SB-eres Gap Ee ‘an fa 


gitesnesathan doxssesh 5 
S8-i5@1 ,ssJaediA Io yt 


aa 


- sa ; a5 
a] bem 
ae 


Lng. 


og ebay 
Jee 


Wass 
BN 


a 
riley 


Bay 


i a 


eee 
Bae 

us 
is 


v 
i 


Shenae 
in? 


ee 

LAR pe 

Ae ae ter fee 
i 


aan 
Date ) 
wt 
AR REA 
psa: 
epee d 


Y 989) 
mori habs | 
ar Fale o 

: Oe es bens 

ent 


LORS 
Peta Bene 


RAM ae, 
raed 
a 


ene eel c t 
: ‘ rae Cote i , 

< z ‘ D » i 4 pntte i fe {EAL EEG UL 

yeep i LE snrap haat 

Pop pe dig hice ule yous ieee er 


